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1 Introduction 



A. Connes proved, |[T] Theorem 1], that 
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where P is a classical pseudo-differential operator of order —d on a J-dimensional 
closed Riemannian manifold, Tr^) is a Dixmier trace (a trace on the compact oper- 
ators with singular values 0(n^') which is not an extension of the canonical trace), 
||2], and Resiy is the noncommutative residue of M. Wodzicki, [3|. 

Connes' trace theorem, as it is known, has become the cornerstone of noncom- 
mutative integration a la Connes. Applications of Dixmier traces as the substitute 
noncommutative residue and integral in non-classical spaces range from fractals, 
H, f5|, to foliations |6|, to spaces of noncommuting co-ordinates, [7|, [8], and 
applications in string theory and Yang-Mills, [9], [lOl . ifTTTl . Einstein-Hilbert 
actions and particle physics' standard model, lfT2l . |[T3l . lfT4l . 

Connes' trace theorem, though, is not complete. There are other traces, be- 
sides Dixmier traces, on the compact operators whose singular values are 0{n^^). 
Wodzicki showed the noncommutative residue is essentially the unique trace on 
classical pseudo-differential operators of order —d, so it should be expected that 
every suitably normalised trace computes the noncommutative residue. Also, all 
pseudo-differential operators have a notion of principal symbol and Connes' trace 
theorem opens the question of whether the principal symbol of non-classical oper- 
ators can be used to compute their Dixmier trace. 

We generalise Connes' trace theorem. There is an extension of the noncom- 
mutative residue that relies only on the principal symbol of a pseudo-differential 
operator, and that extension calculates the Dixmier trace of the operator. The fol- 
lowing definition and theorem applies to a much wider class of Hilbert-Schmidt 
operators, called Laplacian modulated operators, that we develop in the text. Here, 
in the introduction, we mention only pseudo-differential operators. 

A pseudo-differential operator P : C°°(M'') — )• C°°(M'^) is compactly based if Pu 
has compact support for all u G C°°{Mf'). Equivalently the (total) symbol of P has 
compact support in the first variable. 

Definition* (Extension of the noncommutative residue). Let P:C^{W')^ C~ {W') 
be a compactly based pseudo-differential operator of order —d with symbol p. The 
linear map 



we call the residue ofP, where [•] denotes the equivalence class in ^^/cq. 
Alternatively, any sequence Res„(P), « G N, such that 





p{x,^)d^dx= -Res„(P)log?i + o(log«) 
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defines the residue Res(P) = [Res„(P)] G I^o/cq. Note tiiat a dilation invariant state 
(O ^ t„ vanishes on cq. Hence 

«([c„]):=«({cJ:^i), {ur^ie^oc 

is well-defined as a linear functional on l^jc^. 

Theorem* 1 (Trace theorem). Ut P : C~(E'') C~(M^) Z?^ a compactly based 
pseudo-differential operator of order —d with residue Res (P). Then ( the extension ) 
P : L2iW^) —5- L2{W^) is a compact operator with singular values 0{n^^) and: 

(i) 
(ii) 



1 

d{2nY 

for every Dixmier trace Tiq, iffRes{P) is scalar (equivalently 



\£,\<n^l'' 

for a scalar Res(P) ); 

( Hi) 



[ [ p(x,t)dBdx= -Res(P)logn + o(logn) 



TodiagOiir^i), 
d{2nY 

for every trace z on the compact operators with singular values 0{n^^) iff 



[ [ p(x,£,)d^dx=-Res(P)logn + 0(l) 

jRd J\^\<ni/d d 

for a scalar Res(f ). 

This theorem is Theorem 16.321 in Section 16.31 of the text. There is a version 
for closed manifolds, Theorem 17.61 in Section 1731 Our proof of the trace theorem 
uses commutator subspaces and it is very different to the original proof of Connes' 
theorem. Let us put the rationale of the proof in its plainest form. 

Wodzicki initiated the study of the noncommutative residue in ||3l. The non- 
commutative residue Resiy (P) vanishes if and only if a classical pseudo-differential 
operator /" is a finite sum of commutators. This result paired with the study of 
commutator subspaces of ideals, [|151 . and resulted in an extensive work, [16], 
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categorising commutator spaces for arbitrary two sided ideals of compact opera- 
tors, see the survey, ifTTl . Our colleague Nigel Kalton, whose sudden passing was a 
tremendous loss to ourselves personally and to mathematics in general, contributed 
fundamentally to this area, through, of course, [.18,1 . and |[T9l . ||20il . \t2l L L22 1. 

The commutator subspace, put simply, is the kernel of all traces on a two-sided 
ideal of compact linear operators of a Hilbert space to itself. If one could show 
a compact operator T belongs to the ideal ^i.oo (operators whose singular values 
are 0{n^^ )) and that it satisfies 

r-cdiag/yl GCom^ioo (1.1) 

for a constant c (here Com^i oo denotes the commutator subspace, i.e. the linear 
span of elements AB — BA, A G .if^oo, B is a bounded linear operator of to itself, 
and diag is the diagonal operator in some chosen basis), then 

T{T)=c 

for a constant c for every trace T with T(diag{^^'}~^j) = 1. This is the type of 
formula Connes' original theorem suggests. Our first result, Theorem l3.3[ concerns 
differences in the commutator subspace, i.e. (11.11 ). and it states that 

n n 

T-S€ Com^i,^ ^ £ Xj{T) - £ Xj{S) = 0(1) 

by using the fundamental results of IT6\, fTS\, and HQI. Here {Xj{T)}J^i are the 
eigenvalues of T, with multiplicity, in any order so that |Aj(r)| is decreasing, with 
the same for S. Actually, all our initial results involve general ideals but, to stay on 
message, we specialise to ^i,c» in the introduction. Then our goal, dLlK has the 
explicit spectral form 

£Ay(r)-clog« = 0(l). (1.2) 

7=1 

Equation (|1.2b indicates that the log divergent behaviour of partial sums of eigen- 
values is the key to the trace theorem. 

The crucial step therefore is the following theorem on sums of eigenvalues 
of pseudo-differential operators. As far as we know the theorem is new. Results 
about eigenvalues are known, of course, for positive elliptic operators on closed 
manifolds. The following result is for all operators of order —d. 

Theorem* 2. Let P : C^(M'') — t- C^(M^) be a compactly based pseudo-differential 
operator of order —d and with symbol p. Then 
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where {)ij{P)}°°^ J are the eigenvalues of P, with multiplicity, in any order so that 
|Ay(P)| is decreasing. 

The theorem is Theorem 16.231 in the text, which is shown for the so-called 
Laplacian modulated operators, and we have stated here the special case for com- 
pactly supported pseudo-differential operators. Given Theorem* 2 the proof of 
Theorem* 1 follows, as indicated in Section [631 

The following corollaries to Theorem* 1 are also proven in the text. 



for a classical pseudo-differential operator P demonstrates that the residue in Def- 
inition* is an extension of the noncommutative residue and, from Theorem* l(iii) 
we obtain: 

Theorem* 3 (Connes' trace theorem). Let P : C~(M^) C~(R'^) be a classical 
compactly based pseudo-differential operator of order —d with noncommutative 
residue Resiv(P). Then (the extension) P G =Sfi,oo and 



for every trace r on =Sfi,oo with T(diag{^ '}r=i) ~ ^• 

This result is Corollary 16. 35 l in the text. We show the same result for manifolds. 
Corollary Elll 

In the text we construct a pseudo-differential operator Q whose residue Res(Q) 
is not scalar. Using Theorem* l(ii) we obtain: 

Theorem* 4 (Pseudo-differential operators do not have unique trace). There exists 
a compactly based pseudo-differential operator Q : C^(M'^) — )• C^(M^) of order 
—d such that the value Tr o){Q) depends on the Dixmier trace Tro,. 

The operator Q is nothing extravagant, one needs only to interrupt the homo- 
geneity of the principal symbol, see Corollary 16.341 in the text. There is a similar 
example on closed manifolds. Corollary 17.231 In summary the pseudo-differential 
operators of order —d form quite good examples for the theory of singular traces. 
Some operators, including classical ones, have the same value for every trace. Oth- 
ers have distinct trace even for the smaller set of Dixmier traces. Theorem* 4 shows 
that the qualifier classical cannot be omitted from the statement of Theorem* 3. 



The result 




(1.3) 
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The Laplacian modulated operators we introduce are a wide enough class to 
admit the operators Mf{l — A)^^/^ where / G L2(M'') (almost) has compact sup- 
port, Mfu{x) = f{x)u{x), u £ C'^{W'), and A is the Laplacian on M"^. Using The- 
orem |632tiii) (the version of Theorem* l(iii) for Laplacian modulated operators) 
we prove Corollary |6.38| in the text: 

Theorem* 5 (Integration of square integrable functions). If f L2(M^') has com- 
pact support then Mf{l — A)^^/^ G ~ such that 

for every trace T on =Sfi,oo with T(diag{/c^'}^^j) = 1. 

The same statement can be made for closed manifolds, omitting of course the 
requirement for compact support of /, and with the Laplace-Beltrami operator in 
place of the ordinary Laplacian, Corollary 17.241 

Finally, through results on modulated operators, specifically Theorem 15.21 we 
obtain the following spectral formula for the noncommutative residue on a closed 
manifold, Corollary 17.191 The eigenvalue part of this formula was observed by 
T. Fack, 1231, and proven in [24, Corollary 2.14] (i.e. the log divergence of the 
series of eigenvalues listed with multiplicity and ordered so that their absolute value 
is decreasing is equal to the noncommutative residue). 

Theorem* 6 (Spectral formula of the noncommutative residue). Let P be a classi- 
cal pseudo-differential operator of order —d on a closed d-dimensional manifold 
{X,g). Then 

Y n ^ n 

d^UlKY'' Resiv(P) = lim; V iPe i,e f) = \\m- V 

^ ' ^ ' n lognj^j ^' ^' n logwj^j ' 

where {Xj{P)}°°^ J are the eigenvalues of P with multiplicity in any order so that 
\Xj{P)\ is decreasing, (•, •) is the inner product on L^(X,g), ami {ej)J^i is an or- 
thonormal basis of eigenvectors of the Hodge-Laplacian — Ag (the negative of the 
Laplace-Beltrami operator) such that — A^ey = XjCj, Ai < A2 < • • • are increasing. 

Theorems* 1-6 are the main results of the text. 

2 Preliminaries 

Let .j^ be a separable Hilbert space with inner product complex linear in the first 
variable and let ) (respectively, J(f{.J^)) denote the bounded (respectively. 
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compact) linear operators on 3^ . If {cnf^^x is a fixed orthonormal basis of and 
{^«}r=i ^ sequence of complex numbers define the operator 

oo 

diag{a„}~^i := 

where := {h,en), h € J^, and (•,•) denotes the inner product. The Calkin 
space diag(j^) associated to a two-sided ideal ^ of compact operators is the se- 
quence space 

diag(j^^) := {{a4,7=i|diag{a4~^i e 

The Calkin space is independent of the choice of orthonormal basis and an operator 
r G ^ if and only if the sequence {sn{T)}'^^i of its singular values belongs to 
diag(j^), lHa, m §2]. 

The non-zero eigenvalues of a compact operator T form either a sequence 
converging to or a finite set. In the former case we define an eigenvalue se- 
quence for T as the sequence of eigenvalues {/l„(r)}"^j, each repeated accord- 
ing to algebraic multiplicity, and arranged in an order (not necessarily unique) 
such that is decreasing (see, 1261 p. 7]). In the latter case we con- 

struct a similar finite sequence {A„(r)}^^j of the nonzero eigenvalues and then 
set A„(r) = for n > N. The appearance of eigenvalues will always imply they 
are ordered as to form an eigenvalue sequence. For a normal compact operator T, 
|A„(r)| = A„(|r|) = Sn{T), ?i e N, for any eigenvalue sequence {A„(r)}~^j. This 
implies that {A„(r)}~^j G diag(j^) for a normal operator T € J^. The following 
well-known lemma will be useful so we provide the proof for completeness. 

Lemma 2.1. Suppose diag(j^) is a Calkin space and V £ diag(.^) is a positive 
sequence. If a := {a,j}"^j is a complex-valued sequence such that |a„| < Vn for all 
n G N, then a G diag(j^). 

Proof Set, for n G N, ft„ := ^ if v„ / and b,, := if v„ = 0. Then b := G 
loo. Hence diag b G and diag a = diag • v) = diag b ■ diag V G since 

is an ideal. □ 

Corollary 2.2. Suppose T £ is normal. Then {A„(r)}~^j G diag(=y) where 
{A„(r)}"^j is an eigenvalue sequence ofT. 

Proof. Using the spectral theorem for normal operators, |A„(r)| = Sn{T), « G N. 
Hence |A„(r)| < v„ where v„ := Sn{T) G diag(^) is positive. By Lemma |2?T] 

R(r)}:^iGdiag(^). □ 

The statement that {A„(r)}"^j G diag(^) for every T G is false in general. 
Geometrically stable ideals were introduced by Kalton, fl9l . A two-sided ideal 
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is called geometrically stable if given any decreasing nonnegative sequence 
{^n}7=\ ^ diag(j^) we have {(51^2 . . .5„)^/"}~^i € diag(j^). It is a theorem of 
Kalton and Dykema that is geometrically stable if and only if {A„(r)}~^j G 
diag(j^) for all T ^ , [20, Theorem 1.3]. An ideal is called Banach (respec- 
tively, quasi-Banach) if there is a norm (respectively, quasi-norm) \\-\\^onJ^ such 
that (^,11 • is complete and we have ||ArB||jr < ||A||^^(_^)||r||,;?||B||^^(^), 
A,B G r e J^. Equivalently, diag(j^) is a Banach (respectively, quasi- 

Banach) symmetric sequence space, see e.g. 11261 . ll27l . ll22il . Every quasi-Banach 
ideal is geometrically stable, ||T9l . An example of a non-geometrically stable ideal 
is given in [20]. 

If J^Y and J^2 are ideals we denote by ^\,^2 the ideal generated by all prod- 
ucts AB,BA for A G and B G J^- If A,S G we let [A,B] = AB - BA. 
We define [=^1, J^i] to be the linear span of all [A,B] for A G =^1 and B G J^2- 
It is a theorem that [j^i, =^2] = [J^i J^2,^(^)], [16, Theorem 5.10]. The space 
Com := [j^ ,^{Jif)] C is called the commutator subspace of an ideal J^. 

3 A theorem on the commutator subspace 

There is a fundamental description of the normal operators T G Com given by 
Dykema, Figiel, Weiss and Wodzicki, II16I . see also [191 Theorem 3.1]. 

Theorem 3.1. Suppose J" is a two-sided ideal in J^{Jif) and T £ is normal. 
Then the following statements are equivalent: 

(i) r GComJ^; 

(ii) for any eigenvalue sequence {A„(r)}~^j, 

( 

ediag(j^); (3.1) 



for any eigenvalue sequence {A„(r)}~ 



7=1 



< Pin (3.2) 



for a positive decreasing sequence }X = {iU«}"=i G diag(^). 

We would like to observe the following refinement of Theorem l3.1l 

Theorem 3.2. Suppose J" is a two-sided ideal in and T,S £ <^ are nor- 

mal. Then the following statements are equivalent: 
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(i) T-S£Com,y; 

(ii) for any eigenvalue sequences {Aj(r)}JLj ofT and {Ay(5)}~^j ofS, 



1 

n 



Gdiag(^), 



(3.3) 



(Hi) for any eigenvalue sequences {^j{T)}°°^i ofT and {Ay(5)}~^j ofS, 



< 



(3.4) 



for a positive decreasing sequence jj. = {lJ.n}'^=i S diag(^). 
Proof. Observe that the normal operator 



V 



T 

-s 



T-S 




+ 



S 

-s 



belongs to Com^ if and only if T — 5 G Com^. Indeed, it is straightforward to 
see that the eigenvector sequence of the operator (0-5) satisfies (13.11 ) and, since 
5 G J^, we have (0 -s) e ComJ^ by Theorem O 

(iii) (ii) Let a„ := i:;,Li(Ay(r) - Ay(S)). By Lemma O {a„}~=i G 
diag(^). 

(ii) =^ (i) We have 

;=i ;=i i=i 

where r + 5 = n and |Ar+i(r)|, |Ai+i(S)| < Hence 

<n\XniV)\. 



y=i ;=i 7=1 



(3.5) 



Since v := {|A„(y)|}~^j G diag(^) is positive and decreasing 



1 " 1 



£Ay(r)-£Ay(5) Gdiag(^) 
v;=i ;=i / 



by LemmaO Hence ^„rj=iW) ^ diag(^) if i{Vj=iW)-l!j=i^jiS)) e 
diag(j^). It follows from Theorem [37T] that V G Com J^. 
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(i) (iii) We note from equation (13.51 ) that 



<|A„(y)| + 



1 



The sequence v := {|A„(V)|}~^[ G diag(./^) is positive and decreasing and, since 
y G Com^, there exists a decreasing sequence v' such that ^ \T!j=i ^ 
Now (iii) follows by setting /i = v + v'. □ 

In |[T9l . which used results in llT6l although it appeared chronologically earlier, 
it was shown that Theorem 13. II can be extended to non-normal operators under the 
hypothesis that is geometrically stable. Theorem l3.2l can be extended similarly. 

Theorem 3.3. Suppose ^ is a geometrically stable ideal in J(f{J^) and T,S G cJ^. 
Then the following statements are equivalent: 

(i) T-S£Com^; 

(ii) for any eigenvalue sequences {Ay(r)}J^j ofT and {Ay(5)}~^j ofS, 

Gdiag(^), (3.6) 

for any eigenvalue sequences {Aj(r)}J^j ofT and {Ay(5)}J^j ofS, 




;=i 7=1 / 



I W- 1^7(5) 

7=1 7=1 



(3.7) 



for a positive decreasing sequence }X = G diag(^). 

Proof Let T G J^. From 1201 Corollary 2.5] T=N+Q where g G is quasinilpo- 
tent and N ^ ^ is normal with eigenvalues and multiplicities the same as T. From 
IP. Theorem 3.3] we know Q G Com J^. Hence T = Nt + Qt and S = Ns + Qs 
where Qs,Qt S Com^ are quasinilpotent and Nt,Ns are normal with eigenvalues 
and multiplicities the same as T and S, respectively. Since T — 5 G Com ^ if and 
only if Nt —Ns £ Com ^ the results follow from Theorem 13.21 □ 



We recall that diag{A„(r)}~^j G when is geometrically stable. Theo- 
rem [33] therefore has the following immediate corollary. 

Corollary 3.4. Let J' be a geometrically stable ideal in and T G J^. Then 

r-diag{A„(r)};r^i GComJ^. 

Proof Set S := diag{A„(r)}~^i G ^. Then = A„(r), « G N, and T - 5 G 
Com by Theorem [531 □ 
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4 Applications to traces 



Suppose ^ is a two-sided ideal of compact operators. A trace t : — C is a linear 
functional that vanishes on the commutator subspace, i.e. it satisfies the condition 

t{[A,B])=0, AeJ,Be^{J^). 

Note that we make no assumptions about continuity or positivity of the linear func- 
tional. The value 

T(diag{a„}~^i) , {an}n=\ e diag(=y) 

is independent of the choice of orthonormal basis. Therefore any trace T : — )• C 
induces a linear functional Todiag (defined by the above value) on the Calkin space 
diag(^). 

Corollary 4.1. There are non-trivial traces on J" if and only if Com J' 7^ J', 
which occurs if and only if ■^'jjJJLi diag( J^) for some positive sequence 

G diag(^). 

The proof is evident by considering the quotient vector space ,y /Com^ and 
applying Theorem 13.11 so we omit it. The condition in Corollary 14.11 implies that 
traces on two-sided ideals other than the ideal of nuclear operators exist (e.g. the 
quasi-Banach ideal ^1 00 such that diag(^i 00) = ^1,00), [28], see also |[T6l §5] for 
other examples of ideals that do and do not support non-trivial traces. In |[20l it 
was shown that every trace on a geometrically stable ideal is determined by its 
associated functional applied to an eigenvalue sequence, which is an extension of 
Lidskii's theorem. 

Corollary 4.2 (Lidskii Theorem). Let bea geometrically stable ideal in J€'{-j^). 
Suppose r G =y. Then 

T(r) = Todiag({A„(r)}:^i) (4.1) 
for every trace T : — t- C and any eigenvalue sequence ofT. 

The proof, given Corollary 13 .41 is trivial and therefore omitted. For evident rea- 
sons (for some T ^ J' , {A„(r)}"^j ^ diag(j^)) the Lidskii formulation can only 
apply to geometrically stable ideals. A general characterisation of traces on non- 
geometrically stable ideals requires an explicit formula for products T = AS G ^ 
where A and S do not commute. Such a formula is also of interest when studying 
linear functionals on the bounded operators of the form A t(AS), A G 
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where S G is Hermitian and T : ^ — C is a trace (e.g. in A. Connes' noncom- 
mutative geometry, ||29l §4]). We now characterise traces of products. 

We introduce some terminology for systems of eigenvectors that are ordered 
to correspond with eigenvalue sequences. If T is a compact operator of infinite 
rank, we define an orthonormal sequence to be an eigenvector sequence 

for T if Tcn = X„{T)en for all n G N where is an eigenvalue sequence. If T 

is Hermitian, an eigenvector sequence exists and there is an eigenvector sequence 
which forms a complete orthonormal system. 

We will also need the following lemmas (see for example lfT6l ). 

Lemma 4.3. Let ^ be a two-sided ideal in J(f{M'). Suppose D = diag{a„}~^] 
where {o;„}"^i is a sequence of complex numbers such that |a„| < /i„ where {pin}n=\ ^ 
diag(j^) is decreasing. Then 



< lnpi„. 

Proof. We have Xj{D) = a,„ . where mi , m2, . . . are distinct. Thus 



;=i ye A 

where A = {mi, . . . ,m„}. If /c G A \ {1,2, . . . ,«} we have |ajt| i^k^ i^n- On the 
other hand, since 

A = {m S N : «,„ = ^j{D), for some 7 < n} , 
if ^ G {1,2, . . . ,«} \ A we have |ayt| < |A„(D)| < /x„. Hence 



7=1 j=i 



< 2nlJ,„. 



□ 



Lemma 4.4. Suppose S G ^(J^) is Hermitian and {ej)°J^i is an eigenvector se- 
quence for S. Suppose A is Hermitian and H := j (AS + SA). Then we have 



l^Xj{H)-l^iASej,ej: 



1 ^ 



< nsn+i (H) + nsn+i (5) - £ Sj{A) (4.2) 



if A G is compact, and 

<nSn+i{H) +nSn+i{S)\\A\\ 
if A G .^(J^) is bounded but not compact. 



Y^Xjm-'LiASej^ej] 

7=1 7=1 



(4.3) 



12 



Proof. Let {fn)'^=i be an eigenvector sequence for H. Let and Q„ be the orthog- 
onal projections of on [e\,.. . and [/i , . . . ,/„] respectively and let /?„ be the 
orthogonal projection on the linear span [^i e„ , /i ,...,/„] . 

If A is compact define j8„ := ^Ly=i'*;(^)- Otherwise set j8„ := ||A||. Since 
rank(/?„ — Pn) < « we have 



Similarly 
and hence 
Similarly 
Hence 



\Tl{AS{Rn-Pn))\<nSn+l{S)^n- 

\TT{SA{Rn-Pn))\ = \Tl{A{Rn-Pn)S)\<nSn+l{S)^n, 
\Tx{H{Rn-Pn))\<nSn+i{S)^n- 
\Tl{H{Rn-Qn))\<nSn+liH). 

\Tr{H{Pn - < |Tr(//(P„ -/?„))! + |Tr(//(/?„ - 2,,))! 
< nsn+i (H) + nsn+i iS)pn- 



□ 



Theorem 4.5. Let J'x he a two-sided ideal in ^(^) such that ^\ = Com J^i and 
,J^2 be a two-sided ideal in J(f{J^). Let J' = J^i J^2- Suppose S £ ^2 is Hermitian 
and that is an eigenvector sequence for S. Suppose A €z J^i is such that, for 

some decreasing positive sequence {}Jin}n=\ ^ diag(j^), we have |(ASe„,e„)| < }Xn, 
n G N. ThenASA^g{{ASen,en)]';=i G 

AS-Amg{{ASen,en)]n=i GCom^ 

and, hence, for every trace X : ^ Cwe have 

TiAS) = rodiag{{{ASe„,en)}:^,) = Todiag({(A^'„,^>„)A„(5)}r^l). 

Proof. Our assumptions imply that AS G ^ . Also by the assumption that | {AScn , e„ ) | < 
Hn for /I G diag(j^), it follows from Lemma [iT] that diag{(ASe„,e,j)}^^i G J^. 

First let us assume that A is Hermitian. SetD :=diag{(A5'e„,e„)}~^j and a„ := 
{ASen,en), « G N. By assumption |a„| < jLt„ where G diag(j^) is positive and 
decreasing and, by applying Lemma 143] to the sequence On := (ASen,en), we have 



l^Xj{D)-l^iASej,ej: 



(4.4) 
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From Lemma 133] we have that 



7=1 



< nsn+i (H) + nsn+i {S)l5n 



(4.5) 



where H = ^{AS + SA) and j8„ := ^L"=i ■^'/A), n E N, if A is compact, or j8„ := 



I , « G N, if A is bounded but not compact. 
Suppose A G J^i where J^i is an ideal of compact operators such that Com J^i = 
J^i. Then |A| G Com J^i and, from the equivalent conditions in Theorem 13.11 there 
exists a decreasing sequence jJ.' G diag(j^i) such that ;^L'j=i ■^y(A) < M,^, ?^ G N. 
Set V := {2/i„ + /x^5„+i(5')}"^j which is positive and decreasing. By 

assumption {/x,j}"=i £ diag(j^). By the fact that ^ is a two-sided ideal of com- 
pact operators then H = ^{AS + SA) £ and {s„+i{H)}'^^^ G diag(j^). Finally 
Hl^Sn+iiS) G diag(j^i) • diag(j^2) C diag(j^). Hence v G diag(j^). Then, us- 
ing ( |44l ) and ( |431 ). 



£Ay(D)-£AX//: 



(4.6) 



Now suppose A G = ^(Jf) = Com^(^), 113, [133. Then J = and, 
in this case, we define the sequence v := {2/i„ + 5„+i(//) + ||A||5„+i G 
diag(j^) which is positive and decreasing. Therefore, in this case, (14.61 ) still holds 
for this new choice of decreasing positive sequence v G diag(^). 

With (14.61) satisfied for the cases A compact or A bounded but not compact, 
D-H e Com J by an apphcation of Theorem Since H - AS = ^[5, A] G 
= [^{,3^), J] = Com.y (see the preliminaries), we obtain D-A5 G 
Com =y and the result of the theorem when A and S are Hermitian. 

The general case follows easily by splitting A into real and imaginary parts. □ 

Corollary 4.6. Let J" he a two-sided ideal in J^(J^). Suppose S £ is Hermi- 
tian and (e,i),7=i is an eigenvector sequence for S. Then 

AS - diag{ {AScn , e« ) 1^= i S Com 
for every A G ^(^) and hence for every trace T : — t- C we have 

t(A5) = Todiag({(A5e„,^'„)}r^i) = Todiag({(A^'„,e„)A,(5)}:^i). 
Proof Set ^1 := = Com^{,3^) and J^2 := As 

|(A5e„,e„)|<||A|P„(5)|Gdiag(^) 

and ||A|||A„(5')| is a positive decreasing sequence, we obtain the result from Theo- 
rem O □ 
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We can now identify the form of every trace on any ideal of compact operators. 
Corollary 4.7. Let ^ be a two-sided ideal in Ji^{J^). Suppose T G J^. Then 

T(r) = Todiag({.„(r)(/„,^'„)}:^i) 

for every trace T : — ?■ C, where 

oo 

T = Y^Sn{T)f„el 

n=\ 

is a canonical decomposition ofT ({sniT)}'^^^ is the sequence of singular values 
ofT, an orthonormal basis such that \ T\en= Sn{T)en, {fn)n=i '^^ orthonor- 

mal system such that Te„ = Sn{T)f„, ande*{-) := 

Proof. Let T = U\T\ he the polar decomposition of the compact operator T into 
the positive operator |r| and the partial isometry U. The eigenvalue sequence 
defines the singular values of T. Let be any 

orthonormal system such that |r|e„ = Sn{T)en (an eigenvector sequence of \T\). 
Since U is bounded and \T\ G is positive we apply Corollary 14.61 (with A = U 
and S = \T\) and obtain 

T(r) = x{U\T\) = rodmg{{{Uen,eMT)}:^,). 

We set /„ := t/e„, « E N. If ( 

^n)r=i forms a complete system, then we have the de- 
composition, ll26l Theorem 1.4], \ T\ = Y^^^i s„{T)ene*. It follows that T = U\T\ = 

'Ln=\^n{T)fnel. □ 

5 Modulated operators and the weak-£i space 

The traces of interest in Connes' trace theorem (and in Connes' noncommutative 
geometry in general) are traces on the ideal ^i.oo associated to the weak-^i space 
£i oo, i.e. diag(^i oo) = ^i,oo. It is indicated below that the ideal =Sfi,oo is geometri- 
cally stable (it is a quasi-Banach ideal), so the Lidskii formulation applies to all its 
traces. 

We were led in our investigations, following results like Corollary 14.61 to ask 
to what degree the Fredholm formulation applies to traces on ^i.oo. The Fredholm 
formulation of the canonical trace on trace class operators (usually taken as the 
definition of the canonical trace) is 

Tr(r) = ^(re„,e„), re^i 
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where the usual sum ^ : — C can be understood as the functional Trodiag. 
In the Fredholm formulation (eM)"=i orthonormal basis and the same basis 

can be used for all trace class operators T € ^i, which is quite distinct to the 
statement of Corollary 14.61 We know that the Fredholm formulation is false for 
traces on ^i.oo (but we do not offer any proof of this fact hereQ), i.e. if T : t>o — )• C 
is a non-zero trace there does not exist any basis (e„)^^j such that x{T) = to 
diag({(re„,f'„)}~^i) for all T G ^i,^. 

We considered whether there were restricted Fredholm formulations, which 
may hold for some subspace of .ifi,<=o instead of the whole ideal. To this end we 
introduce new left ideals of the Hilbert-Schmidt operators. We have used the term 
modulated operators, see Definition 15. 1[ for the elements of the left ideals and the 
precise statement of a 'restricted Fredholm formulation' is Theorem 15.21 It is the 
aim of this section to prove Theorem 15. 21 

Our purpose for introducing modulated operators is to study operators on man- 
ifolds modulated by the Laplacian, where this definition is made precise in Sec- 
tion|6] Compactly supported pseudo-differential operators of order —d on offer 
examples of these so-called Laplacian modulated operators, and this will be our 
avenue to proving extensions and variants of Connes' trace theorem. 

Notation. Henceforth we use big O, theta 0, and little o notation, meaning f{s) = 
0{g{s)) if \f{s)\ < C\g{s)\ for a constant C> for all s € N or s € R, f{s) = 
&{g{s)) ifc\gis)\ < \ f{s)\ < C\g{s)\ for constants C> c> for all s eN or s eM, 
and f{s) = o[g[s)) if\f{s)\\g{s)\^'^ as s ^ °°, respectively. 

Let ^2 denote the Hilbert-Schmidt operators on the Hilbert space 

Definition 5.1. Suppose V : — )■ Jif is a positive bounded operator An operator 
T ^M' is V-modulated if 

\\T{\+tV)-'\\^, = 0{t-'l^). (5.1) 

We denote by mod(y) the set of V -modulated operators. 

It follows from the definition that moAiV) is a subset of the Hilbert-Schmidt 
operators ^2 and that it forms a left ideal of (see Proposition l5.4l below). 

The main result of this section is the following theorem. 

Theorem 5.2. Suppose T is V -modulated where < V G ^1 and (e„)"^i is an 
orthonormal basis such that Ve„ = s„(V)e,„ « G N. Then 

(i) ^,diag{(^e„,^'„)}~^l G^i,„o; 
'Private communication by D. Zanin. 
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(ii) T -dmg{{Ten,e, 



n 



)}r=i e Com Jfi,„; 



(Hi) every eigenvalue sequence {A„(r)}| 



of T satisfies 



n n 



l^Xj{T)-l^{Tej,ej) = 0{l) 



where 0(1) denotes a bounded sequence. 

Remark 5,3 (Fredholm formula). Evidently from Theorem W2\ ifT is V -modulated 
then 



for every trace T : „ — )• C. 

The proof of Theorem 15 .21 is provided in a section below. 

5.1 Properties of modulated operators 

We establish the basic properties of V-modulated operators. This will simplify the 
proof of Theorem [22] and results in later sections. 

Notation. The symbols =, <, >, may also be used to denote equality or inequality 
up to a constant. Where it is necessary to indicate that the constant depends on 
parameters 61,62, ■■■ we write =0^ 0^ , <e,,02,.... >ei,e2....- The constants may not 
be the same in successive uses of the symbol. We introduce this notation to improve 
text where the value of constants has no relevance to statements or proofs. 

Proposition 5.4. Suppose V : ^ — t- ^ is positive and bounded. The set of V- 
modulated operators, mod(V), is a subset of ££2 that forms a left ideal of 

Proof. Suppose T G mod(y). Then 



\\T\W, = \\T{\+V)-\\+V)\y,<\\T{\+V)-'\\j^,\\l + V\\ 

and T is Hilbert-Schmidt. Suppose Ai,A2 G =^(^) and Ti,T2e mod(V). We 
have, for f > 1, 

\\{AiTi +A2T2){\+tV)-'\\j^, < ||Ai||||ri(l +fV)-i||^2 + 11^2111172(1 +tV)-'\\^, 



T(r) = Todiag({(re„,e,0}:=i) 



so 



\\{A,n+A2T2){l+tV)-'\\j^,=0{t 
Hence mod(V) forms a left ideal of ^(JT). 




□ 
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Proposition 15.41 establishes mod(V) as a left ideal of i%{M'). The conditions 
by which bounded operators act on the right of mod(y) are more subtle. 
If X is a set, let Xe denote the indicator function of a subset E CX. 

Lemma 5.5. Suppose V : — )■ Jif is a positive bounded operator with \\V\\ < 1. 
Then T G mod(y) iff 

l|rZ[o,2-"](V)|k,=0(2-"/2). (5.2) 

Proof. Let f,g be real-valued bounded Borel functions such that |/| < \g\ and 
Tg{V) e ^2- Then 

\f{V)T*\ = ^T\mV)T* < ^JT\g\^V)T* = \g(V)T*\. 

Hence \\Tf{V)\y, < \\Tg{V)\y,. Let f{x) = ^[0.2-] W, ^ > 0, and gix) = 2(1 + 
2"x)-\ X > 0. Then |/| < \g\ and 

\\Tx[o,2-.]{v)U, < ||r(i + 2"y)-i||^, < 2-"/2. 

Hence (15.11 ) imphes (15.21 ). 
Conversely, we note that 

(^[0,2-(.'-l)] -^[0,2-./])W(l +?^)"' < {l+t2-^)-^XlO,2-U-')]i^)^ > 

Then if (|5^ holds and 2*^"^ < f < 2*^ where A: G N, we have 

||r(i+?v)-i||^,<£||r(;^[o2-(.M)]-Z[o,2-.])(^))(i+f^)"1^2 
+ \\TX[oa-^]iV){l+tV)-'\U_ 

< l^ii + t2-J)-'\\TX[oa-o-,]iy)\\^2 + 2''^' 

< r^X^ 2^2- + 2-^^/2 

and the condition for being modulated is satisfied. □ 

Proposition 5.6. Suppose V\ : M' — t- M' and V2 : J^' — )• are bounded positive 
operators. Let B : — )• J^' be a bounded operator and let A : J^' — )• be a 
bounded operator such that for some a> 1/2 we have 

WxAxWm' < \\V2x\l^', X G M". 

IfTe mod(Vi) then BTA G mod(V2). 
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Remark 5.7. In particular, if = M" ,V = Vi = V2, B=\^, \VAx\ <px\for 
all ;c G then TA G mod(V) ifTe mod(y ). 

Proof. We may suppose that \\Vx \ss{^)A^i\ss{.^') < 1- Let P„ = ;:[o,2-"] (V'l) and 
Qn = X[Q.2-"] (V2), n = Z+.\i i <kw& have 

II {I-Pj)AQkxU' < 2n\Vi'AQkx\U' < 2j"\\ViQkx\U' < 2^i-^^"\\x\\,^. , x G J^' . 
Thus 

If T is Vi -modulated then we have by Lemma 153] that 

||rpj^,(.^^)<2-^V2^ ^-^N. 

Thus 

WBTAQ^W^^^jif^i) < \\B\\_gg(^^^jp,-)\\TPkAQk\\j^^(^^,^i) 

k 

< l|7'^*:||^2(^)ll'^2/tlU(.ir',^) 

k 

+ L l|7^(^;-i -^;)ll^2(^)ll(^y-i -Pj)AQk\\^(jt',j^) 
;=i 

< l|rP^II^2(^) + L l|r/';-l 11^,(^)11 (l-P,--l)AQ^||^(^',^) 

i=i 

/t 

+ Il^^i-lllif2(^)ll(l ~-^7M24||ig'(jr',jr) 
7=1 

< 2-«=/2 + (1 +2-'')2i/22-'=/2 £ 2(''-i/2)0--*:) 

< 2-'=/2. 

Hence BTA is V2-inodulated by Lemma [531 □ 
5.2 Proof of Theorem |0 

To prove Theorem 15 .21 we will need the following lemmas. 
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Lemma 5.8. Let E be an n-dimensional Hilbert space and suppose A: E ^ E is a 
linear map. Then there is an orthonormal basis {fj)"^^ ofE so that 

(A/,-,/,) = iTr(A), ;GN. 



Proof. This follows from the Hausdorff-Toeplitz theorem on the convexity of the 
numerical range VK(A). Suppose (//O^^i is an orthonormal sequence of maximal 
cardinality such that {Afj,fj) = ^Tr(A) for 7 = 1,2. . . Assume k < n and let 
F be the orthogonal complement of [//]y=i (here k = is permitted and then F = 
E). Let P be the orthogonal projection onto F and consider PA : F ^ F. Then 
Tr(PA) = (1 - k/n)Tx{A) and by the convexity of W{PA) we can find fu+i £ F 
with (A/jt+i,/i;+i) = {n — k)^^Tr{PA) = ^Tr(A), giving a contradiction. □ 

If a := is a sequence of complex numbers let a* denote the sequence of 

absolute values |a„|, « G N, arranged to be decreasing. The weak-^^ spaces, p>l, 
are defined by 

^p.^:={{an}:=i\a* = 0{n-'/P)}- 

Let ^p^oo, p > I, denote the two-sided ideal of compact operators T : Jif Jif 
such that Sn{T) = 0{n^^lP) (i.e. diag(Jfp oo) = (-p.^), with quasi-norm 

\\T\W„^^ ■■= su^n^lPsniT). 

n 

Here, as always, denotes the singular values of T . The ideal ^p,oc is a 

quasi-Banach (hence geometrically stable) ideal. 

Lemma 5.9. If p,q> 1 such that p^^ +q^^ = 1 then J^\,oo = »Sfp.oo»Sf^,oo. 
Proof. Suppose A e J^p.oo and B £ ^^,00. Using an inequahty of Fan, OTl . 
S2n{AB) < s„+i{A)s„{B) < s„{A)s„{B) = 0(n-'IP)0{n-'l'i) = 

Similarly S2„{BA) = 0{n^^). Hence, AB,BA G and ^^.oo^^.oo C ifi.oo. 

However diag{?i-i}~^i =diag{?i-i/p}~^^diag{«-i/^},7^i. So diag{?i-i}~^i G 
^p^oo^q.oo. Since ^1,00 is the smallest two-sided ideal that contains diag{n^'}~^j 
then c^^i.oo <==^^j_oo<=S^^^oo - 

By the two inclusions ^1 00 = ^p.oo^q,co. □ 

Lemma 5.10. Suppose < p <2 and that is an orthonormal basis of^J^. 

Suppose (v„)~^j is a sequence in such that 

00 

£ ||v,-||2 = 0(«^-|). (5.3) 
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Then 

CO 

Tx= Y^{x,ej)vj 

7=1 

defines an operator T G ^p^oo . 

Proof. Observe that ||v„|p < oo so that T : — )• is bounded and T G 
For n = Z+, let 

oo 

TnX:= 52 (■X,^'y>;- 

;="+! 

Each r„ is also in Jf2- Recalling that (see [32, Theorem 7.1]) 

oo 

£ s]{T)=mm{\\T-K\\\,^ \ mnk{K)<n}, 

j=n+l 

we have 

nS2n{Tf<Zsj{Tf<l^Sj{Tnf 

j=" y'=i 

oo oo 

= \\Tn\\%, = j:\\Tnejf= I IK-f 
< n'-yP. 

Hence S2niT) <n-^/ P. □ 

Lemma 5.11. Suppose T : — )• /i' a bounded operator and {fn)°^=i is an 
orthonormal basis of such that 

oo 

£ \\Tfjf = Oin-') 

j=n+l 

and 

\{TfnJn)\=0{n-'). 

Then r,diag{(r/„,/„)}r=i e ^1,00, 

r-diag{(r/„,/„)}"^i G Com^i,.. 

£Ay(r)-£(r/,,/,.) = o(i). 
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Proof. Suppose 1 < p < 2 is fixed and 2 < g < oo is such that | + | = 1- Set 

oo 

Sx:=Y^i'l''-\xJj)fj, xeJ^. 

7=1 

Clearly S is Hermitian, S € ^q.oo {S has singular values n^^l'^) and 5/„ = n^^l'^fn 
(so is an eigenvector sequence for S). Now set 

oo 

Ax:=Y^j'-'IP{xJj)Tfj, xe^. 

7=1 

We show that A G ^p^^. Set Vj = f^^^^Tfj. Notice that 

oo oo 2*+'« 

j=n+l k=0 j=2*fi+l 



< £(2'=+l)2-2/P„2-2/p2- 
/t=0 



Then we have 



k=0 



E ll^if = I f-'^'imnp'^'-'^'- (5-4) 

7="+l 7="+l 

Hence, by an application of Lemma |5. 101 A G ^^^oo. 

By construction A5 = r and by assumption |(A5/„,/„)| = \{Tf„,f„)\ = 0{n^^). 
Thus Theorem 14. 5 1 can be applied to A G Jfp^oo = Com^p oo (this last equality fol- 
lows easily from Corollary 14.11 ) and S G ^^.oo, i.e. we use = ^p^oo and J^2 = 
^^ oo, noting from Lemma |S!9] that = ^i.oo = ^p^o^Sfq^c^- Hence, from Theo- 
rem|431 T = A5 G ^i,oo, D := diag{(r/„,/„j}~^i = diag{(A5/„,/„)}-^i G Jfi,oo, 
and 

T-D = AS- diag{ {ASfj , /; ) }7=i G Com ifj ,oo . 

By Theorem 13. 3 1 

£%(r)-X:Ay(D) = o(i). 

7=1 7=1 

By Lemma 1431 

t^m-tiTfjjj)=o{i) 

7=1 7=1 

and the results are shown. □ 
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Proof of Theorem\52\ Let T G mod{V) where 0<V e ^i.^ and (e„)r=i be an 
orthonormal basis of M' such that Vcn = 5„(V')e„. Since s^iy) < rT^ we have that 

E lir^-yf <(i+«^«(v))||r(i+nv)-i||^, <«-i/2. (5.5) 

Then we have 

I \\Tej\\^<n-\ 

j=n+l 

Let D := diag{(re„,e„)}~^j be the specific diagonalisation with respect to the basis 
{enX^i, i.e. D = I^^^j (rf'„,e„)e„4. Note that if D' := diag{(re„,e„)}~^j is the 
diagonahsation according to any arbitrary orthonormal basis i.e. D' = 

Y^'^=\{Ten,£n)hnh*n, then there exists a unitary U with /j„ = ?7e„, « G N, and thus 
D' = UDU*. Since \\Dej\\ <\\Tej\\ then we also have 

oo 

I \\Dejf<n-'. 

j=n+l 

Thus 

oo 

£ ||(r-D)e,-f <2n-i. 

(i) By Lemma [5.101 T,D £ ^i.oo (set vj = Tej and vj = Dej respectively). It 
follows that D' G oo for any diagonalisation D' since D' = UDU* for a unitary 
U and ^1,00 is a two-sided ideal. 

(ii) Notice by design that {Tej,ej) = {Dej,ej), j G N. Thus T — D satisfies 
Lemma [SHI] (where {{T-D)ej,ej) = 0, 7 G N) and T -D G Comifj^oc. If D' := 
diag{(re„,e„)}~^j is an arbitrary diagonalisation then D' = UDU* for a unitary U 
and clearly D' -De Com^i,.o. Hence T - D' e Comif^oo. 

(iii) Construct a new basis {fn)'^=\ of -j^ using Lemma [5^ such that (//■)^J2*_i 
is a basis of [ej^.J^^_^, k = Z+. Let /\ denote the projection onto [ey-jJl^^L,. If 
2*^-1 < n < 2*= - 1 then 

00 00 

I < X \\Tejf<n-' (5.6) 

Similarly 

\\mW = 'i iir^'.-f <2-*^ 
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Thus 

\\PkTPk\W, < \\TPk\W,\\Pk\W, < l-^l^l^l^ < 1. 
Hence, if2^-^<n<2''-l, then 

\{Tfn,fn)\ < 2-'\\PkTPk\\^, <n-\ « G N. 

Using (15.61 ) and (I5.7I ). from Lemma lS.lll we obtain 



7=1 7=1 



< 1, neN. 



Now, if 2^-1 < ?i < 2*^ - 1, then 



L(Tej,ej)-l^{Tfj,fj: 

7=1 7=1 



7=2*-' 7=2*-' 

<2\\PkTPt\\^, < 1. 



Hence (iii) is shown from (15.81 ) and (15.9b . 



(5.7) 



(5.8) 



(5.9) 
□ 



5.3 Corollaries of interest 

Before we specialise to operators modulated by the Laplacian we note some results 
of interest. 

Corollary 5.12. Let {7]}^j be a finite collection of V -modulated operators where 
< y € ^i.oo. Then 



1^7 I?^- -IIW) = 0(1). 

7=1 Vi=l / '=17=1 



(5.10) 



Proof. Let Tq = Y^^y Pi ^ inod(y). Choose an eigenvector sequence of 
V with Vcn = Sn(y)en, « G N. Then, by Theorem |5.2[ for / = 0, . . . ,N, there are 
constants C; such that 



7=1 7=1 



<Cu 0<i<N. 



Hence 



7=1 V '=1 



<c+ 



N 



7=1 \ '=1 / 



c 



where C = Co + ...+Ca^. 



□ 
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In the proof of Theorem l5.2l we noted that a V -modulated operator, T G mod(y), 
satisfied the condition 

CO 

\\Teuf = 0{n-') 

k=n+\ 

for an eigenvector sequence (en)~=i of < V G ^i,t»- We show a converse state- 
ment. 

Proposition 5.13. Suppose < V G ^\.oo is such that the singular values ofV 
satisfy s„{V) = &{n^^) and is an orthonormal basis of .j^ such that Ve^ = 

Sn{V)en, neK Then T E mod(V) iff 

oo 

X \\Tekf = 0{n-'). (5.11) 

k=n+\ 

Proof. The only if statement is contained in the proof of Theorem 15.21 We show 
the if statement. Without loss ||y || < 1. 

Clearly T is bounded and Hilbert-Schmidt. Let c > be such that SniV) > 
cn^^. Then 

Hence A'^(A:"^) > [ck\ > A: where 

N{X) = max{k £ n\sk{V) > A} 

and we have 
Now note 

CO 

j=N{k-^)+i 

Thus ||r;^[o,2-"](^)l|2 < 2-"/2, « e N. By LemmaEH T G mod(V). □ 

6 Applications to pseudo-differential operators 

We define in this section operators that are modulated with respect to the operator 
(1 — A)^'^/^ where A = Yfi=\ ^ is the Laplacian on Mf', termed by us Laplacian 
modulated operators. We show that the Laplacian modulated operators include the 
class of pseudo-differential operators of order —d, and that the Laplacian modu- 
lated operators admit a residue map which extends the noncommutative residue. 
Finally we show, with the aid of the results established, that singular traces applied 
to Laplacian modulated operators calculate the residue. 
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Definition 6.1. Suppose <i G N and that T : L2(M'') L2{W) is a bounded oper- 
ator. We will say that T is Laplacian modulated ifTis{\— A)^''^^ -modulated. 

From Proposition 15.41 a Laplacian modulated operator is Hilbert-Schmidt. We 
recall every Hilbert-Schmidt operator on L2(M'^) has a unique symbol in the fol- 
lowing sense. 

Lemma 6.2. A bounded operator T : L2(M'^) — )• L2{W') is Hilbert-Schmidt iff there 
exists a unique function pj G L2(M^ x M^) such that 

{Tf){x) = j^^ j^/^'^)pT{x,^)md^, feL2{R'). (6.1) 

Further, \\T\\jf^ = {InY^^WpTUi and if {(l>n}n=i ^ C'^(M^) is such that 0„ / 1 
pointwise, then 

PT{x,t,) = Y\me_p{x){T ^neAi^), x,^ a.e., 

n ' 

where e^ (x) = e'^^'^"^ . 

Proof. It follows from Plancherel's theorem that T is Hilbert Schmidt iff it can be 
represented in the form (16.11 ) for some unique pr G L2{W' x M^) and that ||r||^2 = 
{2Kf/^\\pT\\L2- We have 

{T^ne^){x) = -^^ J^^e''^''''^^PT{x,ri)(pn{ri-^)dri, x a.e. 

If ^„ 1 pointwise then — )• {InYS in the sense of distributions, where 5 is 
the Dirac distribution. If we set gx{T\) '■= e'^^'^^ pT{x,ri), then gx G L2(R^) is a 
tempered distribution. Hence gx*5 = gx and 

lime_^{x){T^net)ix) = ep{x){gx-kd){^) = prix,^) x,^ a.e. 
« ' ' ' 

□ 

The function pj in (16.11) is called the symbol of the Hilbert-Schmidt operator 
T. Being Laplacian modulated places the following condition on the symbol. 

Proposition 6.3. Suppose <i G N and that T : L2(M'') — >• L2{M.^) is a bounded op- 
erator Then T is Laplacian modulated iffT can be represented in the form 

(Tfm = j:^ f e'^''^^PT{x,^)M)d^ (6.2) 

where pr G L2(M.'' x R'') is such that 

1 /I 

(f f \pT{x,^)\^d^dx) =0(r^/2), t>l. (6.3) 
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Proof. If T is Laplacian modulated or if it satisfies (I6.2I ). then T is Hilbert-Sciimidt. 
So we are reduced to showing a Hilbert-Schmidt operator T is Laplacian modulated 
iff its symbol pj satisfies (I6.3I ). 

\i Qt,t > 0, is the Fourier projection 

{Qtm)= [ /(riy^^'^'^^r] 

J\ri\>t 

then the Hilbert-Schmidt operator TQt has the form 

■'\^\>t 

By Lemma [6!2l 

\\TQt\\j^^=( f f \pT{x,^fdxd^ 

\Jr'' J\^\>t 

Define also 

^(i+i7]r)-''/2<f 

or, via Fourier transform, 
Note that, for r > 1, 

|77| >f^(l + |T]|2)-'^/2<r^ 

and that 
Hence 

ft<Pr-<'<e2-i/2f 

Note also that < P,, and Q, < if < Fix f > 1 and « € Z such that 2""^ < 
t < 2". 

We now prove the if statement. Suppose T is Laplacian modulated. Then, by 
Lemma [531 

Hence (16.31 ) is satisfied. 

We prove the only if statement. Let T satisfy (16.31 ). Then 

\\TP2-"\\^^ < ||re2-./22"/</|U, < 2^/42-«/2 < 2-«/2_ 

By Lemma [531 T is Laplacian modulated. □ 
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For p G L2(M'' x W') define 

MUod — MW+^Wf^'^i I I \p{x,^)\^d^d^ . (6.4) 

t>i \Jk.'' J\£,\>t J 

Define 

:= {p G L2(M^ X M'') | ||p|Uod < (6.5) 

Proposition l6.3l says that each Laplacian modulated operator T is associated uniquely 
to pt G 5™°'' and vice- versa. We can call 5'"°'^ the symbols of Laplacian modulated 
operators. 

If G C;;{W') define the multiplication operator {M^f){x) = (j){x)f{x), f G 
L2(M^). 

Definition 6.4. We will say a bounded operator T : L2(M'^) — L2(M'^) is compactly 
based ifM^T = T for some (j) G C~(M'^), and compactly supported ifM^TM^ = T. 

We omit proving the easily verified statements that a Hilbert-Schmidt operator 
T is compactly based if and only if pt{x,^) is (almost everywhere) compactly 
supported in the jc- variable, and is compactly supported if and only if the kernel of 
T is compactly supported. 

Example 6.5 (Pseudo-differential operators). We recall that {£,) := (1 + 
t, G W^, and a multi-index of order |j8| is j8 = (jSi, . . . ,j8rf) G (NU {0})'' such that 
:= Lf=i If P e C°°(]R^ X M^) such that, for each multi-index a, j8, 

|5«5|p(^,^)|<„,^(0'«-|/^l (6.6) 

we say that p belongs to the symbol class 5'" := S'^{W^ x M''), m G M, (in general 
terminology we have just defined the uniform symbols of Hormander type (1,0), 
see e.g. [33] and [34 , Chapter 2]). If denotes the Schwartz functions (the 

smooth functions of rapid decrease), an operator P : .y{W^) — )• ^{W^) associated 
to a symbol p G S"\ 

{Pu){x) = j^J^/^^'^^pix,^)u{^)d^, u G ^(M^) (6.7) 

is called a pseudo-differential operator of order m. 

If//"(M^),5GM, are the Sobolev Hilbert spaces consisting of those / G L2(IR ) 
with 

11/11. := 11(1- A)^-/V||l.<°o 
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and /" is a pseudo-differential operator of order m, then P has an extension to a 
continuous Unear operator 

P : //'(M'O ^ H'''-'"{R'^), s£R, (6.8) 

see, e.g. |[34 l Theorem 2.6.11]. If P is order this implies P has a bounded exten- 
sion P : L2(M^) ^ L2(M''). 

The compactly based Laplacian modulated operators extend the compactly 
based pseudo-differential operators of order —d. 

Proposition 6.6. If P is a compactly based (respectively, compactly supported) 
pseudo-differential operator of order —d then the bounded extension of P is a 
compactly based (respectively, compactly supported) Laplacian modulated oper- 
ator. Also, the symbol of P is equal to (provides the L2-equivalence class) of the 
symbol of the bounded extension ofP as a Laplacian modulated operator 

Proof. Let P have symbol p G 5^'' that is compactly based in the first variable. 
Then 

/ / \p{x,^)\^d^dx< [ {^)-''d^<{t)-'. (6.9) 

Hence p G L2(W' x M^) and, if Po is the extension of P then Pq is Hilbert-Schmidt. 
Let Po be the symbol of Pq as a Hilbert-Schmidt operator. Let (j) G C~(M'^), and 
e^{x) :=e'>^^>, ^ eR'^. Since 

iP-Po)(j)e^ =0 

we have, by Lemma [6?2l 

p{x,^) - po{x,^) = lime_p{x){P - Po)(j)nep{x) = 0, x,^ a.e. 

where {^n}n=i C C~(M'^) is such that (j),, /• 1 pointwise. Then ( |d!9l ) imphes that 
the symbol of P^ satisfies (16.31 ). hence Pq is Laplacian modulated. □ 

The Laplacian modulated operators form a bimodule for sufficiently regular 
operators. 

Lemma 6.7. Let T be Laplacian modulated and R, S : L2(M'^) — )• L2{M.^) be bounded 
such that S : (M^) — )• H^{W') is bounded for some s < —d/2. Then RTS is Lapla- 
cian modulated. 

Proof. The Laplacian modulated operators form a left ideal so RT is Laplacian 
modulated. By Proposition 15.61 the result is shown if ||(1 — A)^^'^/^5'm||l2 ^ 11(1 ~ 
for all u G C^(M^) where a > 1/2. However, this is the same statement 

as \\Su\\s < \\u\\s for s < —d/2. □ 
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Remark 6.8. From CT . R,S : H'(M.'') H'{M.'^)for any s G M/or all zero order 
pseudo-differential operators R and S. Hence the Laplacian modulated operators 
form a bimodule for the pseudo-differential operators of order 0. 

The next example confirms that the Laplacian modulated operators are a wider 
class than the pseudo-differential operators. 



Example 6.9 (Square-integrable functions). For e L2(M ) set 

Mf : L„{R'^) L2(M'') , {Mfh){x) := f{x)h{x), x a.e. 

and 

T,:L2{W^)^L^{W^),{T,h){x) := -1^ / e'<-^'«)g(^)/i(§)J§ = {g^h){xl xa.e. 
Define a subspace Lmod(K'') of L2(M'') by 

Remark 6.10. is clear that the function (i^ = (1 + |i§ g M'', belongs 

toL^^R'^). 

Proposition 6.11. Iff G L2(M'^) anJ g G Lmod(IK'^) then MfTg is Laplacian modu- 
lated with symbol fi^gG 5'^°^. If f has compact support than MfTg is compactly 
based. 

Proof. First note that ||rg/j||i__^ = ||g*/z||L„ < H^Hl, ll^lk^ Young's inequality. 
Hence : L2 — >■ Loo is continuous and linear. Also ||My/j||i2 < ||/||2||^||l„„> so Mf : 
Loo — )• L2 is continuous and linear. The composition MfTg : L2 — )■ L2 is continuous 
and linear (and everywhere defined). We have that 

{MfTgh){x) = ^^^.'(-■«)/(^)g(^)^(^)J^, ^a.e. 

is an integral operator with symbol / g G 5™°'*. Hence MfTg is Laplacian mod- 
ulated. If / has compact support, ^f = f for some G C"(M^), and hence 
M^MfTg=MfTg. □ 
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6.1 Residues of Laplacian modulated operators 

We define in tliis section tlie residue of a compactly based Laplacian modulated 
operator. We show it is an extension of the noncommutative residue of classical 
pseudo-differential operators of order —d defined by M. Wodzicki, 131. 

We make some observations about the symbol of a compactly based operator. 

Lemma 6.12. Let T be a compactly based Laplacian modulated operator with 
symbol pj. Then: 



f f \pT{x,^)\d^dx = 0{\), r>l; (6.10) 

■JW Jr<\t,\<2r 

f f \pTix,^)\d^dx = 0{logil+r)), r>l; (6.11) 

/ / \pT{x,^M)-^d^dx <oo, 0>O; (6.12) 

and, if A is a positive d x d-matrix with spectrum contained in [a,b], b > a> are 
fixed values, then 

I I pT{x,^)d^dx- f f pT{x,^)d^dx = 0{\), r>\. 

(6.13) 

Proof. We prove (I6l0l ). Using (O, ifr>l, 
\pTix,^)\d^dx 

r<\^\<2r 

< ( f d^\"(l f \pT{x,^fd^d^"\/l^r-'l\ 

We prove ( I6TTT] ). Fix « G N such that 2""^ < r < 2", then 

eM^|0< 1^1 <r} C [0,l]UU^^i{,^ G]R''|2*-i < |^| <2^}. 

By ( 16.101 ) the integral of \pt{x^E,)\ over each individual set in the union on the 
right hand side of the previous display is controlled by some constant C. Then the 
integral over the initial set on the left hand side of the display is controlled by 

C(« + 2) <C(3 + log2r) < log(l + r). 

We prove (16.12b . Consider 

f f \PT{x,£,m+\^W"^d£,dx 

oo oo 

< £2-"« / / \pT{xMd^dx< ^2-"^<oo 

~l .JW J2"-^<\t,\<2'' ~i 
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by (lOOl) . 

We prove ( I6.13I ). It follows from ( I6.10I ) that 



'|A^|<r 



FromdOOll 



< 



b-h<\^\<a-h 



\pT{x,^)\d^dx. 



b-h<\^\<a- 



\pTix,^)\d^dx = 0{Vj 



Also 



/ / pT{x,^)d^dx— / / pT{x,^)d^dx 

jR''J\t\<r Jw' J\t\<h-h 



< 



ctr<\^\<c^'r 



\pT{x,t,)\dt,dx 



□ 



where ci, = bifb <\ and C}, = b Mf ^ > 1 . From (16.101 ) again 

\pT{x,t,)\dt,dx = 0{\). 

V-<\£,\<cl'r 

Formula (16.131 ) follows. 

We notice from (16.111 ) that, « G N, 

-/ / pT{x,^)d^dx = 0{\) 

(as log(l ~ d-^ log(l +«)). \fi„ are the bounded sequences and cq denotes 

the closed subspace of sequences convergent to zero, let Ioo/cq denote the quotient 
space. 

Definition 6.13. Let T be a compactly based Laplacian modulated operator with 
symbol pj. The linear map 



PT{x,t,)dt, dx 



_log(l +«) Jw' J\^\<n^l'' 

we call the residue ofT, where [•] denotes the equivalence class in 1„/cq. 



Note that any sequence Res„(r), neN, such that 



/ / pT{x,^)d^dx=^ReSn{T)logn + o{logn) (6.14) 

defines the residue Res(r) = [Res„(r)] £ £co/cq. 

We show that Res, applied to compactly based pseudo-differential operators, 
depends only on the principal symbol and extends the noncommutative residue. 

Example 6.14 (Noncommutative residue). Let S'^\^^ be the symbols of the com- 
pactly based pseudo-differential operators of order m. An equivalence relation is 
defined on symbols p,q £ S'^^^^^ hy pr^q if p — q£ S^^^. The principal symbol of 
a compactly based pseudo-differential operator P of order m with symbol p G S'^^^^ 
is the equivalence class [p] G Sf^^^^/S^'^J . 

Lemma 6.15. Let P be a compactly based pseudo-differential operator of order 
—d. Then Res(P) depends only on the principal symbol of P. 

Proof. By Proposition 16.61 (the extension) P is Laplacian modulated and Res(P) 
is well defined. If p{x,B,) G 5™,^, m < -d, then q{x,^) := p{x,^){^)^ G 
e = -d-m>0. Then 

/ / p{x,^)d^dx= I f q{x,m)-'d^dx = 0{\) 

by (16.121 ). It follows from (16.141 ) that the residue depends only on the equivalence 
class of a symbol p G S^f^^. □ 

The asymptotic expansion of G S'^^^ means (for our purposes) a sequence 
{Pm-j]']=o such that p^^j G Sj^^;/ and p - 'E!j=oPm-j e n>0. A pseudo- 

differential P of order m is classical if its symbol p has an asymptotic expansion 
{Pm-j}J=o where each Pm-j is a homogeneous function of order m — j in ^ except 
in a neighbourhood of zero. The principal symbol of P is the leading term p^ G S'" 
in the asymptotic expansion. When J > 1 let ds denote the volume form of the 
d — 1 -sphere 

s^-> = gM^II^^I = 1}, 

according to radial and spherical co-ordinates of M'', i.e. d^ = r^^^drds, t, £W^\ 
{0}, r > 0, 5 G S''"^ When J = 1 let 5"^"^ = {-1, 1} with counting measure ds. 

We understand the scalars to be embedded in Ioo/cq as the classes [a,,] where 
an G c, i.e. if A G C then [an] = lim„_j.<x>a„ = A. 
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Proposition 6.16 (Extension of the noncommutative residue). Let P be a com- 
pactly based classical pseudo-differential operator of order —d with principal sym- 
bol p^d. Then Res(P) is the scalar 

Res(P) = Reswf/') := / / p-d{^,s)dsdx 
where Resi^ denotes the noncommutative residue. 

Proof. By the previous lemma we need only consider the principal symbol p^d of 
P, which we assume without loss to be homogeneous for |(^ | > 1. Then 

! I ^P-Ax,^)d^dx= j j \^\-'p-4x,^/\^\)d^dx + 0{\) 

= / p^d{x,s)dsdx r-'^r''-^dr + 0{l) 

jRd Jgd J 1 

= / / P-dix,s)dsdxlog{n^^'^) + 0{\) 

JR'' Jsd 

= — / / p-d{x,s)dsdx logn-\-0{l) 

d jRd Jsd 

The result follows from (I6.14I ). □ 

Thus, the residue (as in Definition 16. 131 ) of a classical compactly based pseudo- 
differential operator of order —d is a scalar and coincides with the noncommutative 
residue. The residue of an arbitrary pseudo-differential operator is not always a 
scalar. 

Example 6.17 (Non-measurable pseudo-differential operators). We construct a 
compactly supported pseudo-differential operator Q of order —d whose residue 
is not a scalar. The following lemma will simplify the construction. The lemma is 
a standard result on pseudo-differential operators, but we will use it several times. 

Lemma 6.18. Suppose P is a pseudo-differential operator with symbol p £ S"' 
and ^ C^(IR'^). The compactly supported operator Q = M^PM^ has symbol 
q G such that q ^ YP^- 

Proof. The operator Q := M^PM^ is a pseudo-differential operator of order m, 
ll35l Corollary 3. 1]. Evidently it is compactly supported. Let q be the symbol of Q. 
From ll35l Theorem 3.1] 
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where the asymptotic sum runs over all multi-indices a. Since 

£ t^{^p-^if{x)p{x,^my))\y=, G S^^l 

\a\>\ 

(see EH p. 3]) we obtain q{x, ^ ) - y{x)p{x, ^)^{x) e S'^-J . □ 

Proposition 6.19. There is a compactly supported pseudo-differential operator Q 
of order —d such that 

Res(2) = [sin log log «^/"']. 
Remark 6.20. Obviously Res(2) is not a scalar 
Proof. Set 

p'i^) = sinloglog|g| +cosloglog|g|^ ^ ^ ^,^1^1 ^ ^ 

One confirms by calculation that p' satisfies 

<2.3l«l(^/+|a|)!|^r^-|«l, \^\>e. 
Let g SC~(M^) beg(i^) =gi(|i^|) where gi is positive and increasing such that 

s■(^)={^J;^ 

Then p:= gp' £ 5^^, and denote by P the pseudo-differential operator with symbol 
P- 

Let G C~(M'') be such that 



/ \^{x)\^dx={yo\S'^-^) 
Jr'I 



If Q is the operator M-^PM^ of Lemma 16.181 with symbol q <pp<p then, provided 



/ / qix,^)d^dx= f f \(l>ix)\^pix,^)d^dx + Oi\) 
= f \Hx)\'dxf p'{^)d^ + 0{l) 

= J (sinloglogr + cosloglogr)r^^/'^'(ir+ 0(1) 

= ^(sinloglog?i^/'')logn + 0(l). 
The result follows from ( I6.14I ). □ 

35 



The operator Q will be used in Corollary l6.34l to provide an example of a non- 
measurable pseudo-differential operator. 

Example 6.21 (Integration of square-integrable functions). The residue can be 
used to calculate the integral of a compactly supported square integrable function. 

Proposition 6.22. If f ^ L2(M^) has compact support and A is the Laplacian on 
then Res(M/(l - A)""'/2) ^/^^ ^ca/ar 

Res(M/(l - = VolS^'-i / f{x)dx. 

Proof. Since (1 - A)-^/^ ^ where = (i^)"^ G Lmod(M''), M/(l - A)-^/^ 
a compactly based Laplacian modulated operator by Proposition 16.111 Then 

/ / fixm-'d^dx= f fix)dx f \^r^d^+oii) 

= -YolS''-^ f f{x)dxlogn + 0(l) 

d jRd 

The result follows from (16.141 ). □ 

6.2 Eigenvalues of Laplacian modulated operators 

We now come to our main technical theorem. This result is at the heart of Connes' 
trace theorem. 

Theorem 6.23. Suppose T : L2(M'^) — t- LxiMf') is compactly supported and Lapla- 
cian modulated with symbol pr- Then T G 00(^2 (IR'^)) <^nd 

t^j(T)-T^ f ^PTix,^)d^dx = 0{l) (6.15) 

where {Ay(r)}JL[ is any eigenvalue sequence ofT. 

Remark 6.24. If T is only compactly based, then (16.151 ) still holds but it may not 

be true that T G ^1 00. See the proof below. 

The following lemmas are required for the proof. Let denote the unit cube 
on M'' centred on z e R''. 

Lemma 6.25. There exists < G C"{W^) such that: 
(i) 0(x) = 1, G K^Q, ^{x)=0,x^ iTi^o; 
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(ii) {um}niei'' fa™ an orthonormal set in Li^W^) where 
(Hi) far each A^€N|0((§)|<w(<§)"". 

Proof, (i) Let ^ be a non-negative C°°-function on R such that 



/oo 
h{t)dt = 1, 
-oo 



and for some 5 < Ti/2 we have supp^ = (—5,5). We then define g = h-kX]_^^^y 
Then 

g(0 = 2;r^(<^)sinc(;r<^). 

Hence 

l(0)=2;r, 

|(«)=0, nGZ\{0}, 
supp(g) = {-n - 5, 71 + 5) 

and 

g{t) = \, -K+5 <t <K-5. 

We also have that ^ G C~(R). Let us define 



Then 



and 



(ii) Since 



Hx):=Y{Jg{xj), X = (xi , . . . ,Xd) G M'^. 
m^):=ni(^7)> ^ = (^i,...^.)GM'^. 

7=1 

|^|2(m)=0, mel/\{0}, 
supp(0) C [-271,271]'', 
(^{x) = \, xe[-K,KY. 



/ Umy {x)Um2{x)dx = ——j mi,m2 G Z 

JR'' (2k r 
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the family {um)mei.'' orthonormal in LjiM!^)- 

(iii) Since ^ is smooth and compactly supported the estimate now follows from 
standard results, see e.g. (36, Problem 8.16, p. 113]. □ 

Lemma 6.26. For ne'N let 0„ = 0(x/«). Then 

(i) (j)„{x) = I, nnJSo, (pn{x) = 0, X InnJSo; 

(ii) {um,n} meZ'' fa^"^ orthonormal set in L2(M^) where 



(Innyi'^ 



Proof, (i) Note 



Then 



and 



^{x/n) := n V^(-^y/«)> x= ixi,...,Xd) G 



\m^):=l{n'g{n^j)=n''mn^] 

10^2(0) = {iTlnY, 
\i^^{m/n)=0, mGZ^\{0}. 



(ii) Since 



f f ^, |0np((mi -mz)/?!) . 

/ Umi,nUm2,n\X)aX = — —. m\,m2 G ^ 

Jw {Innf 

the family {um,n)meZ'' orthonormal in L2(M'^). □ 

For « G N, let J^„ denote the Hilbert space generated by {um,n)meR''- Let P„ be 
the projection such that J^, = PnLiiM.'^). Clearly Ljinn^o) C Let K : J^, 
J^n be the positive compact operator defined by 

VnUm,n = {^ + \m\^y'^^^U,„,„, m £ Z'^ . 

Then 

for any bounded operator T . We now show that if T is Laplacian modulated then 
r„ is y„-modulated. Let a/ denote the bi-dilation isometry of L2(M'^,M'^') to itself: 

{o,p){x,^) = p{lx,^/l), 1>0. 
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Lemma 6.27. Let T be Laplacian modulated, with symbol pr G 5™ . Then 

|m|>n'/<i 

Proof. Fix Z G N. Denote /jj just by p and m^./ by u^- Note that 

= {27ll)-'/^i{^-m/l) = (27r/)-^/2/''0(/^ -m). 



Then 



Tm^W = {miyiH'' I e'^''^^p{x,^)^{l^-m)d^ 
= (27r/)-^/2 f e'^'-^^''^p{x,^/l)^{^-m)d^ 
= (27r/)-^/2 f e'^'/''^'^p{x,^/l)H^-m)d^ 



and 



|r«„,w|2 < imy'r' I [ \p{x,^/i)\\H^-m)\d^ 

By Lemma [6^26] I ^ ) | < n{^)^'^ for any integer A/^. Hence 

\\Tu^\\l<N{27iy'r' f (f \pix,^/lM-m)-''d^) dx 

<N{2n)-' [ ([ \pilx,^/im-m)-''dA dx (6.16) 

JR'' \JR'' J 

Temporarily denote p{lx, E, /I) by pi {x,E,). 
Now let s G Then 



\m - 



-^1 <y 1(1/2)2 =jV2/2. 
Hence 

{m — s) := \ + \m — s\ < 
Using Peetre's inequality, 

{xf{y)-''<^{x-y)\ x,3^GM^ 

we have 

{^-sf{^-m)-''<N{^-s-{^-m)f={m-sf<Mj\,^(^W,s^Xum(^. 
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Multiplying through by —s) ^ we obtain 

(^-"^)-^<.^iv(^-^)-^ s€^,n. (6.17) 
Substituting (16.171) into (16.161) provides 

WTUmWl <d,N f ( f \p,{x,^)\{^-s)-''dA dx, se^m, 

and hence 

\\Tu,n\\l= f \\Tu,n\\l,ds<,^f, [ [ ([ \pi{x,^)\{^-s)-''d^\ dxds. 

(6.18) 

Now let n > d'^l'^. Then n^l'' /2 > d^l^/2 and n^l'^ - d^l'^/2 < n^l'^ /2. Hence 

\m\ > n^l'^ =^ \s\ > ?i'/^/2, s G 
Using (16.181 ) we have 



I \\Tu,n\\l,<d.N I / f ( f \p,{x,m^-s)-''d^) dxds 

,N [ , I (I \pi{x,m^-s)-''dC\ dxds. (6.19) 



\m\>n'/'' \m\>n^l'' 



We spht the integrand in ( 16.191) into two parts according to the condition — i| > 

kl/2, 



!\pi{x,m^-s)-''d^ 

J|^-ii>|.v|/2 / V"'l^-*l<l-«l/2 



(6.20) 

where the inequality is from (a + b)^ < 2(a^ + b^), a,b >0. 

We consider the first term from (16.201 ). As |i§ — i'| > 1^1/2, then — s)"^ < 
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2^{s)-^. Then 

\J\^-s\>\s\/2 

<[ \p,ix,^)\'dU {^-s)-'''d^ 

J\^-s\>\s\/2 J\^-s\>\s\/2 
JR'' J\^-s\>\s\/2 

<{s)-^ j \pi{x,^)\^d^ [ i^y'^d^. 

where we used the Holder inequahty (assuming N > d). We now set N = 2d and 
then 

/ f(f \p,{x,^M-s)-''d^ydxds 

<\\Pi\\l[ {s)-''ds 
< \\p\\ln-'. 

Now we consider the second term from 16.201 We have 

(/ \pi{x,^M-s)-^d^y 

<I^I^^^^^^^^Mx,^+sm)-''d^'^ 

<f \p,{x,^+s)\'{^)-''d^ f i^r^di <f \pi{x,^+s)\'{^)-^d^ 

J\^\<\s\/2 JR'I J\^\<\s\/2 

where we used the Holder inequality and assumed N > d. Note that 

/ / / \p,{x,^+s)\^{^)-''d^dxds 

Jm.'I Jm.'I JR'I 

= [ [ [ \pi{x,s)\^{^)-''d^dxds 

JR'' JRd Jr^ 



< WPiWlr 



Hence we can interchange the order of integration. As 1^1/2 > ?i'/^/4 and \^ \ < 
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\s\/2, then |^ + j| > \s\/2 > n^l^/A. By Fubini's Theorem 

/ ^ / \pi{x,^+st{^)-''d^ds 

J\s\>ny''l2J\^\<\s\l2 

\J\t,+s\>n^l'^IA J 

= 1(1 \pi{x,s)\^d^ {^)~^dE, 

= f \pi{x,s)\'ds [ {^r'^d^. 

J\s\>ny''/4 J-W 

By choosing N > d, 

I I i I \pi{x,^M-s)-'^d^\ dxds 

^ J,, \Piix,s)\'^dsdx 

JW J\s\>n^/''/4 

<( sup {n^l'^/A)-'^ f [ \pi{x,s)\'^dsdx]n-^ 

supf'' / / \pi{x,s)\^dsdx) . 
K,t>l ■/IR'* ■'\s\>t J 



The inequaUty of the Proposition is shown for n > imn{4,d^/^}. It is trivial to 
adjust the statement by a constant so that it holds also for 1 < n < imn{4,d^^^}. □ 

Fix / G N. Let {umjmeZ'' ^ th^ basis of J^f . Let m„, « G N, be the Cantor enu- 
meration of Z^. Then V/m^^ = (1 + |'w„p)~'^''-^Mm„ is ordered so that (1 + |m„p)~'^/-^ 
are the singular values of V/. 

Lemma 6.28. Let T be Laplacian modulated with symbol pj and / G N. Then 
Ti : J^i — > J^i is Vi-modulated. 

Proof. Let Ak be the hypercube centered on of dimensions kf^. Then there exists 
an integer k such that m„ ^ but m„ € A^+i. By the Cantor enumeration (^ — 
\Y <n <k'^ . So < k. Hence, when j > n, nij is not in the ball of radius 
{k— l)/2 centered on 0, which is smaller than than the ball «^/^/4 (ruling out the 
trivial case n = 1). In summary, when j > n, then 



m 
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Hence 

\\Tiumj\\h < E Il^"'"lli2 ^ 

by Proposition |6.27| and T; is V/ -modulated by Proposition |57T3]since Vi G ^1,00 and 
^„(V/) = (l + |m„|2)-'/2 =©(„-!). ' □ 

Set v„ = Um„, « G N, where m„ is the Cantor enumeration. 

Remark 6.29. As Ti is Vi -modulated where < V/ G ^1,00 we can use Theorem \5.2\ 
to conclude that, for fixed I £ N: 

(i) Ti £ ^1,00; and 
(ii) 

tw>)-t(TiVj,Vj) = 0{l) 

for any eigenvalue sequence {^j{Ti)}°°^^ ofTi. 
We need a final lemma. 
Lemma 6.30. IfT is compactly based in InJ^o with symbol pr, then 

Proof. It is clear there are constants <2a < 1 <b/2 <oo depending on d so that 

{vjYj^^ = {um),„eA„ where {\m\ < lan^/'^} C A„ C {\m\ < bn^^''/!}. Let 

Now 

{Tu^,u,„) = [ (j){x)e-'^''''"^ ( [ e'^'''^^pT{lx,^/l)H^-m)d^) dx. 

We use the notation pi{x,^) = pt{Ix,^/1) again and note that pi has support in a 
compact set K within nJ2o- Here the double integral converges absolutely and we 
can apply Fubini's theorem to obtain that, since 0(x) = 1 for x £ K, 

y.{Tvj,Vj)= Y {Tu,„,u,„) = ( [ Gn{x,^)pi{x,^)dxd^. (6.21) 
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To obtain a bound 

/ [ G,{x,^)p,{x,^)dxd^- [ [ p,{x,^)d^dx = 0{\) 
JWJk JKJ\i,\<n^l'> 

we will compare Gn{x,^) with the function H„{E,) := X{\t,\<n^M} - For fixed E,, con- 
sider the smooth periodic function 

\lf^{x) = £ f'-'<-"'^>0(x + 27rm). (6.22) 

mGZ'' 

For every x, the Fourier series, 
converges, where 

Hence 

W = 7^ I e-'^'^'"H{^ -m). (6.23) 

Note from (16.221 ) that = 1 for all x E tz^q. Using (16.231 ) gives the 

formula 

1 = 7^ I e'<^'«-'«>0(^-m) (6.24) 
iox^x G 7r,^o- Now suppose \ ^\< an^l'^ . Then, using (16.241) . 

|//„(^)-G„(^,§)| = |l-G„(x,^)|<-i- £ |0(§-m)|. 

If m ^ A„ then \m\ > 2an^^^ . Hence — m| > and \^ —m\ > \m\/2. This 
implies 

|0(^-m)|<;v(^-m)-^ <^ (m)-^. 
We choose N > d. We obtain, when \ \ < an^/'^ , 

\Hn{^)-Gn{x,^)\<N I (m)-^<^«i-^/'^. (6.25) 

m 
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We also have an estimate |G„(;c,(^)| < 1 when x ^ K. Hence, for an^/^ < < 

\Hn{^)-Gn{x,^)\<l. (6.26) 
If |i§ I > bn^l'^ then \m — E, \ > \m\ when m G A„. Hence \E,—m\ > \^\/2 and 

|0(^ -m)| <^ -m)!-^-^/'' <;v (^)i-^-^/^ me A, 

Hence, for \^ \ > bn^^'^ , 

\m\<bn'/'' 

Then, for I I >bn^^'^, 

m^)-Gn{x,^)\<M\^\'-''^''. (6.27) 

Combining ( I6.25b -( |6?27] ) we have, when x G K, that 

r n^-^/^ 1^1 <a«Vrf 
|//„(^)-G„(x,^)| <;v < 1 an'/^'<\^\<bn'/^ 

With this result we can show 

/ / \Gn{x,^)-H„{mPi{^,^)\d^dx = 0{l) (6.28) 

by considering the regions \^ \ < an^l'^ , an^/^ < < bn^/'^ , and \ > bn^^'^ . and 
a choice of > (1+ £)d, £ > 0. Consider 

/ / \GAx,^)-Hnm\Pi{^Md^dx 

i^Nn'-""' I I ^ \pi{x,^)\d^dx 

<;V«l-^/^log(«) 
< 1 

by using (16.111 ). Similarly 

/ / \G„{x,^)-H„mPi{x,^mdx 
^11 ^\^\'-'"'\Pi{x,B,)\dB,dx<\ 
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by applying (16.121 ) since I —N/d <0. Finally, 



Jk Jan^/''<\^\<bn^/'' 

by applying (I6.10I ). Hence (16.281) is shown. Combining (16.211 ) and (16.281 ) shows 
that 

Applying (16.131 ) shows that 

/ / p,{x,^)d^dx- f f p{x,^)dt,dx = 0{\) 



Since 



/ / p(lx,B /l)dB dx = / / p(x,B)dBdx. 



The result is shown. □ 

Taking into account Remark 16.291 and Lemma [6.301 we are now in a position 
to prove Theorem |6.23l 

Proof of Theorem \6. 23\ Suppose T is compactly based and Laplacian modulated. 
Choose / € N sufficiently large so that < G C"(M^), (j){x) = l for x G Inl^o, 
and M^T = T . Since M^T = T then S = TM^ = Mtj,TM^ is compactly supported 
and Laplacian modulated (see Remark [6^ . 

From Lemma [6.28l the operator S = Si is V/ -modulated (if T is compactly sup- 
ported then, without loss, T = S and T G .ifi oo, which is the first part of the theo- 
rem). By Remark 16.29 1 

tXj{S)-tiSvj,vj) = Oil). 

However, up to the irrelevant multiplicity of zero as an eigenvalue, 

Xj{S) = XjiTM^) = Xj{M^T) = Xj{T). 
Also, since ^vj = vj, then 

{Svj,Vj) = {Tvj,Vj). 

So 

tw)-t(Tvj,vj) = 0{l). 
The result of the Theorem now follows from Lemma l6.30l □ 
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6.3 Traces of Laplacian modulated operators 

In this section we prove several versions of Connes' trace theorem. 

Let M' be a separable Hilbert space. In 121, J. Dixmier constructed a trace on 
the Banach ideal of compact operators 

^1 » := < r G ^(JT) sup— — i rr^/(r)<ool 

by linear extension of the weight 

Here « is a dilation invariant state on l^o. By the inclusion ^i,oo C ^i,oo a Dixmier 
trace Tro restricts to a trace on Jfi,oo. All Dixmier traces are normalised, meaning 
that 

The commutator subspace has been used previously to study spectral forms of the 
Dixmier traces, e.g. [i23il . [i24il . Despite the Lidskii theorem. Corollary 14.21 it is not 
evident that ^ 



for an eigenvalue sequence {Ay (r)}J^j of a compact operator T . By a combination 
of results from [37] and [24] the result is true for the restriction to oo. 

Lemma 6.31. Suppose T £ Jfi oo(=^). Then 

for any eigenvalue sequence {^jiT)}J^y ofT, and any dilation invariant state CO. 
Proof. From ll37l Remark 13] it follows that 



log(l + ?i) 



{;||A,|>l/«} ) 
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Trffl (P) = -TT^^Resiy (P) . (6.30) 



A similar result was obtained in 11231 and 11241 . but not for all dilation invariant 
states. The argument of B24l Corollary 2.12] that, when T £ ^\<>o, 

£ Ay(r)-£Ay(r) = o(i) 

{;||A,|>1M 7=1 
provides the result. □ 

Connes' trace theorem, states that a Dixmier trace applied to a compactly 
supported classical pseudo-differential operator P of order —d yields the noncom- 
mutative residue up to a constant, 

1 

d<^Y 

Connes' statement was given for closed manifolds, but it is equivalent to (16.301 ). 
We shall consider manifolds in our final section. 

The main result of our paper is the generalisation of Connes' trace theorem 
below. We note that a dilation invariant state co is a generalised limit, i.e. it vanishes 
on cq. Hence 

a)([c„]) := a)({c„}~=i), {c„}r=i G ^oo 
is well-defined as a linear functional on £^/co. 

Theorem 6.32 (Trace theorem). Suppose T is compactly based and Laplacian 
modulated such that T G ^i^oo(L2(M^)). Then: 

(i) 

1 

d{27iY 

where Res(r) G Ico/cq is the residue ofT; 

(ii) 



1 

d{27l) 

for every Dixmier trace Tro, iffRes(T) is scalar; 

( Hi) 



for every trace T : =5^i,„(L2(M'')) ^ C /f 

/ / pT(x,^)d^dx=-Res(T)logn + 0(l) (6.31) 
for a scalar Res(r). 
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Proof, (i) By Theorem [6.23l and the formula (16.141 1 we have that 

^ E^;(^) = 77?rwRe^"(^)+«(l) (6-32) 



log(l+?i)j^i ' d{2nY 

for any eigenvalue sequence {Aj(r)}J^j and any representative Res„(r) of the 
equivalence class Res(r). By the condition that T G we apply Lemma [6.3 II 
and obtain 



) n=\/ 

since (O vanishes on sequences convergent to zero. 

(ii) As r G .ifi^oo, by 1,38. Theorem 20] Tr£o(r) is the same value for all Dixmier 
traces if and only if Tr(o(r) = lim„^oo iog(i+n) %(^) ^^i^ the limit on the right 
exists. From (16.321 ) lim„^t>o iog(}_|_„) Ly=i exists if and only if Res(r) is scalar 
andlim„^..5^^I«^iAy(r) = (2;r)-^^-iRes(r). 

(iii) Suppose T satisfies (16.311) . Then, by Theorem l6.23[ 

By Theorem [331 

Conversely, suppose the previous display is given. Then, by Theorem [33J for some 
decreasing sequence v G „, 



<nVn < 1, 



k=x y^-'") " k=x 

and the symbol pT of T satisfies (16.311 ) by Theorem l6.23l □ 

Theorem l6.32l allows the Dixmier trace of any compactly based pseudo-differential 
operator of order — to be computed from its symbol. 
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Corollary 6.33. If P is a compactly based pseudo-differential operator of order 
-d, then P G ^i,oo{L2{W^)) and 



1 

dilTiY 



for any dilation invariant state ft). Here Res(P) is given by Definition \6.13\ 

Proof If P is compactly based, there exists < G C~(M'') with M^P = P. 
The operator P and P' = M^PMtj, are Laplacian modulated by Proposition 16.61 
Since P' is compactly supported then P' G ^i,co by Theorem 16.231 Note that 
P — P' = [M^,P] G G~°° is a smoothing operator belonging to the Shubin class, 
see ||35l IV], and the extensions of G °° belong to the trace class operators Jfi on 
W^, IMl Section 27], see also (13. Hence P = P' + {P-P')e ^i,<x>. Now apply 
Theorem [6321 □ 

Not every pseudo-differential operator is measurable in Connes' sense, ll29l 

§4]. 

Corollary 6.34 (Non-measurable pseudo-differential operators). There is a com- 
pactly supported pseudo-differential operator Q of order —d such that the value 
Tr(o(2) depends on the dilation invariant state Wa 

Proof. Let Q be the operator from Proposition l6.19l Since Res(2) = [sin log log 
is not a scalar, Trco{Q) depends on the state (O by Theorem l6.32f ii). □ 

Contrary to the case of general pseudo-differential operators of order —d, the 
next corollary shows that the classical pseudo-differential operators of order —d 
have unique trace. 

Corollary 6.35 (Connes' trace theorem). Suppose P is a compactly based classical 
pseudo-differential operator of order —d with noncommutative residue ReswiP)- 
Then P G ^i,oo(L2(M'^)) and 

= d(tr^''-^'^^ 

for every trace T on ^\^oo such that T(diag{?i^^}"^j) = 1. 

Proof. By Corollary 16.331 P G ^i,t». Proposition 16. 161 and its proof shows both 
that Res(P) = Resvi/(P) and that (16.311 ) is satisfied. The result now follows from 
Theorem [632] □ 



Such operators are called non-measurable. 
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Remark 6.36. Corollarv \6.34\ indicates that the qualifier classical cannot be omit- 
ted from the statement of Connes ' trace theorem. 

Remark 6.37. Corollary \6.35\ is stronger than Connes' original theorem. To see 
that the set ofDixmier traces restricted to ^ is smaller than the set of arbitrary 
normalised traces on J^\^co, consider that the positive part of the common kernel 
of Dixmier traces is exactly the positive part of the separable subspace {-^i^)^, 
while the positive part of the common kernel of arbitrary normalised traces 
is exactly = (Com^i c»)^, easily seen from Theorem \3.1\ or see 

Corollary 6.38 (Integration of square integrable functions). Let f G L2(M'^) be 
compactly supported. Then M/(l - A)"''/^ G Jfi^oo(L2(]R'')), and 

for every trace T on such that T(diag{?i^^}"^j) = 1. 

Proof It follows from pT. § 5.7] that M/(l - A)-^/^ g On the other hand, 

from Proposition 16.111 Mj(l — A)^''/^ is compactly based and Laplacian modu- 
lated. From the proof of Proposition l6.22I Res(Mf (1 — A)^"^/^) is scalar, equal to 
VolS*^"^ f{x)dx, and (16.311 ) is satisfied. From Theorem l6.32[ 



d{2nY 

for every trace on ^l oo. □ 

We now transfer our notions and results to the setting of closed Riemannian 
manifolds. 



7 Closed Riemannian manifolds 

In this section we introduce the notion of a Hodge-Laplacian modulated operator. 

Notation. Henceforth X will always denote a d-dimensional closed Riemannian 
manifold {X,g) with metric g, and Ag denotes the Laplace-Beltrami operator with 
respect to g, l^2\ p. 3]. 

Definition 7.1. A bounded operator T : L2{X) — )• L2{X) is Hodge-Laplacian mod- 
ulated if it is (1 — Ag)^'^/^ -modulated for some metric g. 

This definition is independent of the choice of metric g. 
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Lemma 7.2. Suppose T is a bounded operator T : L2{X) — t- L2{X). IfT is (1 — 
l^g^)^'^/^ -modulated then it is (1 — l^g^)^'^l^ -modulated for any pair of metrics g\ 
and g2. 

Proof The operator {I - AgJ ^'^^^ ( 1 - is a zero-order pseudo-differential 

operator on X, see [35, §4] for pseudo-differential operators on manifolds. Hence 
it is has a bounded extension, |35 , §6.4], and there exists a constant C such that 

||(1-A„)-^/V||l.<C||(1-A,J-'/V||l. 



for / G L2(X). By Proposition 
AgJ^^'/^-modulated. 



any (1 — AgJ ^/^-modulated operator is (1 — 



□ 



The positive bounded operator (1 — Ag)^'^^^ : L2(X) — )• L2(X) is a compact 
operator (alternatively Ag has compact resolvent, p2l p. 8]). 

Thus there exists an orthonormal basis (e„)~^j of eigenvectors 



nen, 



ordered such that the eigenvalues si < < . . . are increasing. 
Also, by Weyl's asymptotic formula, 1421 p. 9], 



-d/2 



-1 



for a constant /j. Therefore 



:i-Ag)-^/2e^i,^. 



Due to these spectral properties we can invoke Theorem 15.21 and arrive directly at 
a trace theorem by making the following definition of the residue. 

Lemma 7.3. If T is a Hodge-Laplacian modulated operator and is the 

above eigenvector sequence of the Laplace-Beltrami operator, then 



Y,{Tej,ej)=0{logil+n)). 
Proof. From Theorem 15. 2 f i) T € ^i,oo. Then pin{T) < and 



<£Mi(n<iog(i+ 



n). 



By Theorem 15. 2r iii) 



£(re,-,ey) = £A;(r) + 0(l) 



and the result follows. 



□ 
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Definition 7.4. IfT is a Hodge-Laplacian modulated operator the class 

1 



Res(r) := d{2nY 



n=\. 



(7.1) 



is called the residue of T, where [■] denotes an equivalence class in Ico/cq, and 
(^«)r=i above eigenvector sequence of the Laplace-Beltrami operator 

Remark 7.5. The residue is evidently linear and vanishes on trace class Hodge- 
Laplacian operators. The proof of Lemma W^ shows that the residue is independent 
of the metric, since the eigenvalue sequence of an operator compact operator T G 
J^{L2{X)) does not depend on the metric. 

Theorem 7.6 (Trace theorem for closed manifolds). Let T be Hodge-Laplacian 
modulated. Then T G oo(L2(X)) and: 

(i) 

for any Dixmier trace Tro where Res(r) G Ico/cq is the residue ofT; 

(ii) 



1 

d{2n) 

for every Dixmier trace Tr^ iffRes(T) is scalar; 



( Hi) 



^ ^°diag({l}-,0 



for every trace T : ifi ,c»(L2(M^')) ^ C /f 

tiTej,ej) = ^^Res(r)log(l +«) + 0(1) (7.2) 

for a scalar Res(r). 

Proof. The proof is omitted since it is identical to the proof of Theorem 16. 321 with 
the use of Theorem [6i23] replaced exactly by Theorem l5.2t iii). □ 

To obtain the same corollaries of this trace theorem for closed manifolds as we 
did for Theorem 16.321 for M'', we identify the residue locally with the residue on 
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7.1 Localised Hodge-Laplacian modulated operators 

We emulate the usual treatment of pseudo-differential operators (e.g. ll35l §4]), in 
that the symbol of a Hodge-Laplacian modulated operator is defined locally by the 
restriction to a chart and then patched together using a partition of unity. We extend 
Theorem |6.23| to a statement involving the cotangent bundle. 

Without loss we let X be covered by charts {{Ui,hi)}'i=\ such that hi{Ui) is 
bounded inM"^. For a chart {U ,h) belonging to such an atlas, define W/, : L2{h{U)) — )• 
L2{U) by Whf = /o /j and W,;^ : 12(0) L2{h{U)) by W,;^f = foh-\ Then 
Wh,Wi^^ are bounded. 

Our first step is to confirm that Hodge-Laplacian modulated operators are lo- 
cally Laplacian modulated operators. If G C~(X) is a smooth function we denote 
by M||, the multiplication operator {M^f){x) = 0(x)/(x), / G L2(X), and note that 
it is a pseudo-differential operator of order 0. 

Proposition 7.7. Suppose {U,h) is a chart ofX with h{U) bounded and G 
C°°(X) such that have support in U. 

(i) IfT is a Hodge-Laplacian modulated operator then 

is a compactly supported Laplacian modulated operator 

( ii) If T' is a Laplacian modulated operator then 

WhM^,^-^T%-'M^:L2{X)^L2iX) 
is a Hodge-Laplacian modulated operator. 

Proof. Let H^{X) denote the Sobolev spaces, 5 G M, on X. If V is the pseudo- 
differential operator with local symbol (1 + |(^ |^)'/^ the Sobolev norms are defined 
by 11/11, := ||VY||l2. ESI §7]- We recall that P : H'{X) H'{X) is continuous, 
ll35l Theorem 7.3], for any zero-order pseudo-differential operator P and G M. 
Since (1 — A.g)~'^/'^V^ and y"*(l — Ag)'*/^, 5 G M, are zero-order pseudo-differential 
operators on X they have bounded extensions. 

(i) Let T = W,;^M^TWhM^^i^-i. Let p G C~(M^) be such that p(i/Ao/z-i) = 
Y°h^^ and p{<poh^^) = (poh^^. ThenMpTMp = T and T is compactly supported. 



54 



Note that 



11(1 -^g)-'"^WhM^,,-,f\\I^, = 11(1 - A,)-'/20/o/j||i^ 

< \\V-'^(i,foh\\L._ 

<\\{l-^)-"^<^oh-'f\\,, 
<||(i-a)-^/Xoa-./IIl, 

<||(1_A)-^/2/||l„ /GL2(R^) 

since the Sobolev norms onW{U) and H^{h{U)) are equivalent norms and M^^h-^ '■ 
H'''{M.'^) -^H-'^{W') is bounded. By Proposition EH T = W,;^M^T{WhM^^i^-i) 
is Laplacian modulated. 

(ii) We reverse the argument in (i). Note that 

\\{i-A)-'i/^w,;'M^f\\L, = m-A)-'/H^f)oh-'u, 

<||(l-A,)-^/Vlb, f€L2{X) 

since the Sobolev norms on H'^{h(U)) and H'''{U) are equivalent andM0 : //*(X) — )• 
H'{X) is bounded. By Proposition [5^ Wi,M^^f,-iT'{Wf^^M^) is Hodge-Laplacian 
modulated. □ 

Lemma 7.8. If T is a Hodge-Laplacian modulated operator and P\ , P2 are zero- 
order pseudo-differential operators on X, then Pi TP2 is a Hodge-Laplacian mod- 
ulated operator 

Proof. Since ^1,^2 : L2{X) L2{X) are bounded, P2 : H'{X) H%X), ^ G M, is 
bounded, and 

Ul-A,)-'/'P2fh, < ||(1-A,)-'/V||l„ feL2{X), 
it follows that Pi TP2 is Hodge-Laplacian modulated by Proposition 15.61 □ 

We can now define the coordinate dependent symbol of a Hodge-Laplacian 
modulated operator. 

If {U,h) is a chart of X, let Tfj k^igjk{x)dxjdxf^ denote the local co-ordinates 
of the metric for x € ?7 and G{x) = [g jk{x)]j f,^^. The d x d matrix G{x), x £U,is 
positive and the determinant \G{x) \ is a smooth function onX. 

Let {{Ui,hi)}f^^ be an atlas of X where /i,([/,) C R''. Let ^> := {Yj}f=i be a 
smooth partition of unity so that if Kj := supp(v/y) then KjnKf / imphes that 
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there exists an / G {1, . . . ,N} with KjUKf C Ui. We will always assume such a 
partition of unity. 

Let r be a Hodge-Laplacian modulated operator. Set 

When^^n/:/ /0, 

where some / G { 1 , . . . , A'^} is chosen such that Kj U Kji C Ui, is compactly supported 
and Laplacian modulated by Proposition I7.7f ii). Let p^^, G L2(M^ x W^) be the 
symbol of rj^.,. Define 

Pjj,{x,£,):=p)j,{hi{x),G-"\x)^) 

for each {x,t,) £ T*Ui ^ Ui x M^. If Kj D Kf = set pjf = 0. 

We thus define a chart dependent function on the cotangent bundle T*{X,g), 
which we call the coordinate dependent symbol of T , by 

Definition 7.9. //T,-/ G Com^i 00(^2 (X)) vv/jen KjnKf = 0, f/ien we raj T is 
*F-localised. 

A codisc bundle D* (r) (X , g) of radius r > is the subbundle of the cotangent 
bundle T*{X,g) with fibre over ;c G X given by 

D:ir)iX,g)^{^GR'\\G-'^\x)^\<r}. 

Let dv be the density on T*{X,g) which corresponds locally to dG^^^'^{x)^dx. 

Theorem 7.10. If {X,g) is a closed d-dimensional Riemannian manifold, T is 
Hodge-Laplacian modulated, and T is ^-localised with respect to an atlas and 
partition of unity *P as above, then 

t^k(T)--l-[ p^^'^\v)dv = 0{l). (7.3) 

Proof Let *F = {Wj}f=\ and set Tjj, := M^.TM^^,. By LemmajTUr,/ is Hodge- 
Laplacian modulated such that T = T!ff=i Tjf. We recall from Corollary 15 . 1 2 1 that 

n M n 

L^kiT)- £ £A,(r,y) = 0(l). (7.4) 

k=i jj'=\k=\ 
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By the assumption that T is *F-locaUsed then Tjji G Com^i «, when KjDKji = 0. 
Hence 

thiTjj,) = 0{\) 

k=i 



by Theorem 13.31 when Kj n Ky = 0. Thus (17.41 ) is vaUd when removing those Tjf 
such that Kj n Kf = (l). 
When Kj n Kf j^(d, 

Tjf:L2{Ui)^L2{Ui) 

and so 

Tl'j,:L^{ht{Ui))^L^{hi{Ui)), 

for the chosen / G {1 • • • ,N} such that Kj n Kji C ?7;, is compactly supported and 
Laplacian modulated by Proposition 17.71 1). Since the Hilbert spaces L2{Ui) and 
L2{hi{Ui)) are equivalent it is an easy result that 

Xt{Tjj>) = Xu{Tfj,) (7.5) 

with the same multiplicity and the same ordering. 
Note that, 

/ {XKtPji'XKMv)dv 

JD*{nl/d){X,g) 

= I I p]Ax,G-^l^{x)^)dG^^I^(x)^dx 

Therefore 

/ pp''^\v)dv = y [ [ p']Jx,^)d^dx (7.6) 

where the sum is over those j,j' with Kj n Kji / 0. 

Finally, using (17.51) and (17.61 ). and where the sums are over those j,f with 
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4=1 



{iTlY JD*{n^l''){X,g) 



I4(r)-££4(r,y 

1 



= 0{l) + 0{\) 
by (El) and by Theorem [623 



p)j,{x,E,)dxdt, 



□ 



Suppose T and U are Hodge-Laplacian modulated operators. If p^*'*'^ repre- 
sents a coordinate dependent symbol of T with respect to a metric and some 
atlas and partition of unity *P as above, and jcl^'^"' a coordinate dependent symbol 
of U with respect to a metric g2 and some atlas and partition of unity Q. as above, 

pf^''\v)dv = 0{\). 



then we write /j^*'^'-* ~ p[f '^^^ if 



/D'(nl/</)(Z,g2) 

The relation ~ is easily checked to be an equivalence relation on coordinate de- 
pendent symbols. 

Definition 7.11. A Hodge-Laplacian modulated operator T is called localised if 
^ Com ^i,c«(L2(X)) /or every pair of functions 0, i//' € C°°(X) with (^>VA = 0. 

The next result says that every localised Hodge-Laplacian modulated operator 
can be assigned a coordinate and metric independent "principal" symbol. 

Corollary 7.12. Let T be a localised Hodge-Laplacian modulated operator. Then 
p^j'^^^ ~ p^-p'^^^ for every coordinate dependent symbol ofT. 

Proof. If T is localised then T is *F-localised and H-localised. The eigenvalues of 
T are coordinate and metric independent, therefore 



1 



(In) 



Z)*(«l/rf)(X,gi) 



pp'-''\v)dv- 



D*(nl/'')(X,g2) 



pf'''\v)dx 



< 



{27lY jD*(n^/d){X,gt) 



p?'''\v)dv 



+ 



k=i 



{2kY JD*{n^l'')(X 



Pt 



v)dv 



82) 
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The result follows by Theorem l7.10[ □ 

Due to the result of Theorem 17.101 we will only be concerned with coordi- 
nate dependent symbols up to the equivalence ~. As a result of Lemma IT2] and 
Corollary 17.121 we may fix a metric g and we may take any coordinate depen- 
dent symbol to act as a representative for the symbol when discussing localised 
Hodge-Laplacian modulated operators. To this end we let pr denote a coordinate 
dependent symbol pj. , dropping explicit reference to the coordinates and the 
metric. 

We can now prove the desired result that links the residue for Hodge-Laplacian 
operators to a formula involving the "principal" symbol. 

Theorem 7.13. If{X,g) is a closed d-dimensional Riemannian manifold and T is 
localised and Hodge-Laplacian modulated with symbol pj, then 



Res(r) 



PT{v)dv 



_log(l JD*(n'l'')(X,g) 

where [•] denotes an equivalence class in Ico/cq, or, more specifically, 
n \ r 

ViTej,eA = -—j pTiv)dv + 0{\). (7.7) 

Proof. The first display clearly follows from the second display. By Theorem |7.10| 

t^k{T)-j^l pT{v)dv = 0{\). 

i=l m JD*{nU'>)(X,g) 

and by Theorem [S!2l iii) 

f^X,{T)-f^{Tej,ej) = 0{\). 

k=\ j=\ 

The result is shown. □ 



7.2 Residues of Hodge-Laplacian modulated operators 

We give examples of Hodge-Laplacian modulated operators and compute their 
residue using Theorem 17. 131 

Example 7.14 (Pseudo-differential operators). To show a pseudo-differential op- 
erator P : C°°(X) — C°°(X) of order —d is Hodge-Laplacian modulated we use the 
following lemma. 
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Lemma 7.15. The operator (1 — Ag) is Hodge-Laplacian modulated. 

Proof. For brevity, set V := (1 — Ag)^^/^. Let {in}"^i be the singular values of V , 
where 5„ < Cn^^ by Weyl's formula for a constant C > 0, as explained. Then 

OO CO 

\\v{\+tv)-^\\%^ = Y,sl(\+tsn)-^ < £(c-'?i+0"^ < t-\ t > 1. 

n= 1 n=l 

Hence V is V -modulated. □ 

Proposition 7.16. Let P : C°°(X) — )• C°°{X) be a pseudo-differential operator of 
order —d. Then the extension P : LjiX) ^ LjiX) is localised and Hodge-Laplacian 
modulated. 

Proof. For brevity set V := (1 — Ag)^^/^. Then V is Hodge Laplacian modulated. 
Thus PqV is Hodge-Laplacian modulated for every zero-order pseudo-differential 
operator Pq by Lemma ITSl By the pseudo-differential calculus PV^^ is zero order, 
ll35l §3, §6], hence P = {PV^^)V is Hodge-Laplacian modulated. 

The operator P is localised since, M^,PM^ € C ComJfi oo when i//^, ^ G 
C°°{X) and = by the definition of pseudo-differential operators on a manifold, 
EH §4, §27]. □ 

It follows from Theorem 17 . 1 3 1 that the residue of a pseudo-differential operator 
of order —d can be calculated from its principal symbol. 

Example 7.17 (Noncommutative residue). The cosphere bundle S*X of {X,g) is 
the subbundle of T* {X,g) with fibre over x^X given by 

S*X^{^eM.''\\G-^l^{x)^\ = 1}. 

The cosphere bundle has a density ds equating locally to dxds^ where ds^ is the 
volume element of the fibre. 

Proposition 7.18. LetP : C°°(X) — )• C°°(X) be a classical pseudo-differential of or- 
der —d and with principal symbol p^^. Then P is localised and Hodge-Laplacian 
modulated and the residue ofP is the scalar value 

Res(P) =Resiv(P) := / p^d{s)ds. 

Js*x 

where Res^ denotes the noncommutative residue. 
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Proof. By Proposition 17 . 1 6 1 P is localised and Hodge-Laplacian modulated. Both 
Res and Resi^ evidently depend only on the principal symbol and hence we can 
work locally. The result then follows immediately from Proposition 16.161 Note 
also that this implies, from the proof of Theorem 17 . 1 3 1 and Proposition 16. 161 that 

□ 

An immediate corollary (the proof is omitted) is the following spectral for- 
mulation of the noncommutative residue of classical pseudo-differential operators. 
The first equality was observed by Fack, |[23l p. 359], and proven in ||24l Corollary 
2.14]. 

Corollary 7.19 (Spectral formula for the noncommutative residue). Let P:C°°{X)^ 
C°°{X) be a classical pseduo-dijferential operator of order —d, denote 
the eigenvalues of P ordered so that \Xn{P)\ is decreasing, and an or- 

thonormal basis of eigenvectors of the Hodge-Laplacian, —AgC^ = SfiCn, 
ordered such that the eigenvalues si < s^ < . . . are increasing. Then, i/Resiy is the 
noncommutative residue, 

\ " 1 " 
d-\2ny'^R&&w{P) = lim — — r Y Xj{P) = lim - — r E (/'e;,^/). 

^ ' ^ ' n^~log(l+?l) ■'^ ' n^~log(l +«) j^/ ^' ^' 

Example 7.20 (Integration of square integrable functions). If / € L2{X) let Mf : 
L„{X) L2{X) be defined by {Mfh){x) = f{x)h{x), h G L„{X). 

Proposition 7.21. If f ^ LjiX) then there is a localised Hodge-Laplacian modu- 
lated operator Tf such that Mj(l — A^)^'^/^ — Tf£ ^\ and 

Res (r/-) = Vol ' / f(x) dx. 

Jx,g 

Proof. Let {Yj}f=i be a partition of unity as in the previous section. For brevity, 
let V := (1 - Ag)-^/2. Set Vjf :=M^/M^., and Vj'j, = W,-^M^^VWh,M^^,oh-' ■ Set 
Tjf-=MfVjfmdT;'j,=Mf^,-.Vfj,. 

If KjHKf / we can find a chart (Ui,hi) so that KjUKf C Ui. Note that Vj'j, 
is a pseudo-differential operator of order —d on M'^ compactly supported in hi{Uj). 
Then 

T;),=Mf,,-^il-A)-'/^Po 
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where Po = (1 ~^Y^'^'^'jf zero-order. By Proposition 16. 1 1 \ Mf„f,-i ( 1 -A)"''/^ is 
Laplacian modulated and by Remark [6?8] Mj„;,-i (1 — A)^'^^^Pq is Laplacian mod- 
ulated. Hence Tjy is Laplacian modulated and compactly supported in h{Ui). It 
follows from Proposition I7.71 ii) that Tjji is Hodge-Laplacian modulated. 

\iKjr\Kj, = the operator M^yVM^ : Li {X) C°°{X) C L2{X) has a smooth 
kernel and is hence nuclear. Since My : L2 — )• Li is bounded we obtain MYrVMYjMf G 
^1. By taking the adjoint Tjji £ Jfi. 

Let Tf = T := Y^jf Tjf where KjCiKf / 0. Then T is Hodge-Laplacian modu- 
lated and obviously localised. Set S := Tjf where Kj n Ky = 0. Then 5 G Jfi . 
We have that My (1 — Ag)^'^/^ = T + 5 so the first statement is shown. 

Since T is localised we need only work locally to determine the residue. If 
Kj n Kji 7^ so that Kj U Kji C Ui we examine the compactly supported Lapla- 
cian modulated operator T'^j, : L2(M^) — )• L2(M^). The symbol js^y of Tjj, is given 
by p^jj,{x,^) = f o h^^{x)qjji{x,^) where ^yy(x, 1^) is the symbol of the pseudo- 
differential operator M^,.VM^,, in local co-ordinates. We recall that 



qjf{x,^)-{\lfjVj'){h \x))\G 



base 



by Lemma l6.18l Since f £ L2{X) C Li (X), we have 




Thus 
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where, in the second last equality, we used (I6.13I ). Hence 



Res(r) = £Res(rj 



: VolS^^i j f{x) ^£ YM)Wj' dx = VolS'^-' j 



f{x)dx. 

g 



□ 



7.3 Traces of Localised Hodge-Laplacian modulated operators 

In this section we obtain Connes' trace theorem and other results for closed Rie- 
mannian manifolds as corollaries of Theorem l7.6[ 

Corollary 7.22 (Connes' trace theorem). Let {X,g) be a closed d-dimensional Rie- 
mannian manifold. Suppose P : C°°{X) — t- C°°{X) is a classical pseudo-differential 
operator of order —d with noncommutative residue Resw/(/'). Then (the extension) 
P e oo{L2{X)) and 

1 

d{27iY 

for every trace T on =Sfi,oo such that T(diag{?i^^}"^j) = 1. 



Proof. That P is localised and Hodge-Laplacian, and satisfies il.2\i for the scalar 
Resvi'(P), is given by Proposition 17 .181 The results follow from Theorem 17. 61 □ 



As before, the quahfier classical cannot be omitted from Connes' trace theo- 



rem. 



Corollary 7.23 (Non-measurable pseudo-differential operators). Let iX,g) be a 
closed d-dimensional Riemannian manifold. There exists a pseudo-differential op- 
erator Q' : C°°(X) — )• C"(X) of order —d such that the value Tr£o(2') depends on 
the dilation invariant state ft). 

Proof. Let Q' be such that Q' vanishes outside a chart {U,h), and in local coor- 
dinates Q' is the operator Q (suitably scaled) of Corollary 16.341 Then the value 
Tro) (2') depends on the state ft). □ 

The final result is a stronger variant of one of our results in f43l. In the cited 
paper we showed the following result for Dixmier traces associated to zeta function 
residues. The proof employing the methods of this paper is completely different. 
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Corollary 7.24 (see H3l . Theorem 2.5). Let {X,g) be a closed d-dimensional 
Riemannian manifold. Let f G L2{X) and Mf : Loo(X) — t- L2{X) be defined by 
{Mfh){x) = f{x)h{x), h G L^{X). Then Mf{\ - A^,)-'^^^ E ^i,„o(L2(X)) and 

for any trace T on ^\,oo such that T(diag{?i^'}~^j) = 1 . 

Proof. Proposition 17.2 II provides the resuh that Mf{\ — A^)^''/^ = Tf + S where 
Tf G ^Lc» (by Theorem fTEl since Tf is Hodge-Laplacian modulated) and S G 
Hence Mf{\ - Ag)-''/^ G ^i,»o. Also 

x{Mf{l-Ag)-'/') = x{Tf) 

for every trace T on oo- Note that, for the operator Tf, the equation (17.21 ) is 
satisfied for the scalar VolS'^^^ gf{x)dx by the proof Proposition 17.2 II By The- 
orem |7]6] 

for every T. □ 

Remark 7.25. Our final remark is that the residue of Hodge-Laplacian modulated 
operators, Definition \7.4\ is an extensive generalisation of the noncommutative 
residue. Definition \7.1\ is a global definition requiring no reference to local be- 
haviour. Therefore "non-local" Hodge-Laplacian modulated operators can exist 
and they admit a residue and, in theory, calculable trace. Whether there are any 
interesting possibilities behind this observation we do not know yet, but it is a 
distinction to singular traces of pseudo-differential operators. 

The authors thank Dmitriy Zanin for close reading of the text and for valuable 
comments and suggestions. 
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